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1 Introduction

Keynes [21] likened investment decisions to beauty contests in which competitors had to
select the “prettiest faces” from a hundred photographs. Keynes argued that competitors
will not pick the faces they find most attractive but will be forced into a situation where they
must guess what average opinion expects the average opinion to be; that is, they must form
higher-order expectations. This scenario accurately describes the behavior of differentially
informed investors in a simple asset pricing model. Traders recognize that information
disseminated through current and past prices reflects not only the information endowment
of other investors, but also their attempts to forecast the forecasts of other traders. The goal
of this paper is to explicitly model how information is disseminated through prices, and to
show when this dissemination becomes too widespread to maintain asymmetric information
in equilibrium. Models previously believed to impose asymmetric information in equilibrium
(e.g., [35]) are shown to converge to symmetric information, representative agent models.

The empirical failures of representative agent models have inspired a vast literature that
introduces information heterogeneity and higher-order expectations in hopes of reconciliat-
ing theory with data.! However, the computational problems associated with heterogeneous
information have long proven to be a significant impediment to solving dynamic, intertem-
poral trading models with differentially informed investors. The crux of the problem is how
to model higher-order expectations. Investors who anticipate what average opinion expects
the average opinion to be form, what Keynes called, third-degree expectations. Due to the
complexities of the fourth degree, Phelps [30] quipped “one gets a vertiginous feeling, the
eyes dull, and the face goes slack.” Yet in a dynamic model, rational investors will fall into
the trap of infinite regress where they must forecast what the average opinion expects the
average opinion expects the average opinion..., ad infinitum. Agents behaving optimally
must incorporate these infinite-order expectations into their beliefs, thus making the state
space infinite dimensional.

To bypass the technical difficulties associated with higher-order belief dynamics, the lit-
erature has invoked clever assumptions.? For example, as described by Kasa [19], Lucas
[23] was the first to formally encounter the problem of infinite regress and simply assumed
a pooling equilibrium in which firms exchanged information each period, thus eliminating
higher-order beliefs in equilibrium. Townsend [36] resorted to a truncation strategy, where
the state of the economy is revealed to all agents with a two-period lag. By truncating the
infinitely dimensional state space to finite dimensions, Townsend [36] could make use of stan-
dard solution techniques. Singleton [35] was the first to study a dynamic asset pricing model
with higher-order belief dynamics and also employed the truncation technique of Townsend
to solve the model.? In contrast, this paper does not assume away the infinite-regress prob-
lem. Working within the context of Singleton’s bond market model, this paper gives an

'Recent contributions include [1, 4, 3, 6, 8, 18, 27, 37, 43].

2 Approaches to elude the problem of infinite regress have included: constructing a hierarchical information
structure with limited dispersion of information (e.g., [40], [39]); assuming a continuum of investors and
invoking the law of large numbers to remove all aggregate uncertainty (e.g., [17]); assuming a finite or static
environment in which the asset is liquidated at a certain date (e.g., [3], [14]).

3More recently, Bacchetta and van Wincoop [5] use Townsend’s truncation technique to analyze exchange
rate dynamics.



explicit solution procedure that does not rely on truncating the state space. Frequency
domain techniques are shown to provide sharp analytical characterizations of equilibrium
processes, and invertibility of the state space is shown to determine if higher-order beliefs
can be preserved in equilibrium.

While couched within the context of an asset pricing model, the techniques introduced
here contribute more broadly to the literature on solving dynamic models with asymmetric
information. This paper builds on the work of Sargent [34], Kasa [19], and Pearlman and
Sargent [29]. Sargent describes a method for computing equilibrium (vis-a-vis Townsend’s
partial revelation approach) in which the state of the economy is never revealed to the agents.
Kasa demonstrates how the frequency domain significantly decreases the computational cost
of Sargent’s solution method. More recently, Pearlman and Sargent show that the signal
extraction problem of Townsend [36] is not enough to preserve divergent beliefs when agents
act rationally. By defining a new state variable (the agent’s forecast error) and applying the
recursive methods of Pearlman et al. [28], they show that every agent will make the same
forecast in equilibrium, thus eliminating the need to forecast the forecasts of others.

These contributions ([34], [19], [29]) have all been made from examining the model of
Townsend [36]. This is an important distinction because higher-order belief dynamics in
Townsend’s model rely entirely on an assumption of lags in production, which prohibit prices
from simultaneously clearing markets. Kasa [19] refers to the resulting signal extraction
problem faced by firms as “endemic” to the economy of Townsend and unlike the “typical”
signal extraction problem—i.e., where there are more noises than signals. In contrast to
Townsend, the bond market model of Singleton [35] introduces higher-order belief dynamics
by assuming investors must solve a “typical” signal extraction problem. Singleton Singleton
follows Townsend in approximately solving the model by truncating the state space, but in
his concluding remarks, Singleton suggests that higher-order beliefs seem to play a limited
role in equilibrium:

“Another interesting finding is that the equilibrium prices for the models with
disparate information and partial, homogeneous information follow very similar
time series properties. It remains to be seen whether this carries over to alterna-
tive parameterizations and information structures. Based on the findings to date,
however, it appears that disparate information per se in a competitive market
does not significantly effect the equilibrium price process.”

This paper demonstrates how higher-order beliefs play no role in equilibrium and con-
tributes to the literature in several ways. First, by examining the “typical” signal extraction
problem faced by investors in Singleton’s bond market model, this paper fills a gap in the
literature and extends the findings of Kasa [19] and Pearlman and Sargent [29] to nonspe-
cialized environments. Second, in contrast to the methodology of Pearlman and Sargent,
I show how Hilbert space methods and frequency domain techniques can be employed to
prove that endogenous variables reveal all privately held information. The result assumes
agents have basic econometric knowledge and a simple invertibility condition determines if
higher-order beliefs can be sustained in equilibrium. Third, I examine the non-truncated
version of Singleton’s model, which speaks to the suggestion of Pearlman and Sargent to



reinstate the forecasting the forecasts of others problem by “increas|ing] the dimension of
decision makers’ private information relative to the number of endogenous variables (prices)
that decision makers can condition their forecasts upon.” The results established here add
precision to this statement in that a significant decrease in the signal-to-noise ratio is shown
not to be enough to preserve higher-order beliefs. Fourth, I am able assess the approxima-
tion error associated with truncating the state space by comparing the equilibrium found
without truncation to that of Singleton [35]. In doing so, this paper proves the conjecture
that higher-order beliefs play no role in equilibrium. Finally, given the technical challenges
mentioned above, a majority of the work in this area relies on numerical solution methods.
This paper lays out an explicit solution procedure for solving dynamic models with asym-
metric information analytically. The results derived here have implications for static models
of asymmetric information, models that assume agents have limited information capacity,
and models that use the Townsend-Singleton truncation technique.

The next section introduces the bond market model of Singleton. Section 3 provides
a solution method for dynamic models of asymmetric information, solves the model in a
symmetric information setting and in an asymmetric information environment, and proves
that these two information structures yield the same equilibrium.

2 The Model

In this section, I briefly outline the model of Singleton [35], which was motivated by the
market microstructure of the U.S. bond market.* The basic features of the model include a
competitive, Walrasian market structure with a single asset that is traded among speculative
and nonspeculative or liquidity traders.

Suppose there is a continuum of investors indexed by ¢ € [0, 1], and each trader invests in
a single risky security with price p; and stochastic coupon payment ¢; at date t. The coupon
stream {¢;} is assumed to be normally distributed and to follow a first-order autoregressive
process

Cy = c+ th_]_ + Ug, ]E(ut) = 07 Var(ut) = 0-57 W’ <1l

Purchases of the security are financed by borrowing at the constant rate r. Therefore, the
wealth of trader i evolves according to

Wi 1 = Zit(Prg1 + cr1) — (L +7)(zupr — war),

where z;; denotes the holdings of the risky asset at date t. The ith investor is assumed to
have a one-period investment horizon and to rank alternative investment strategies according
to the negative-exponential utility function

Efe - eXP(_sz‘,tH)a

4In addition to the reasons listed in the Introduction, the model of Singleton is of recent interest due
to the work of Allen, Morris and Shin (hereafter AMS; see, [25], [3]). The AMS framework is a static,
finite-horizon asset pricing model. The techniques of Singleton can be used to extend the AMS setup to an
infinite horizon economy.



where E! denotes the expectation of investor i conditioned on his information set 2! at date
t, and v is the coefficient of absolute risk aversion that is common to all traders. Given the
assumption that underlying sources of uncertainty are normally distributed, the conditional
expectation can be calculated from the (conditional) moment generating function for the
normally distributed random variable —yw;;1;. That is,

—E; exp(—ywi 1) = — exp{ —YE{(w; 1) + (1/2)7*vy(w;41)}

where v} is the conditional variance and v(ws1) = 25vi(Per1 + cor1). Stationarity implies
the conditional variance term will be a constant; that is define vi(w;;y1) = 220;. The
agent’s demand function for the risky asset follows from the first-order necessary condition
for maximizing expected wealth, i.e.,

0= —7[Ef{(prs1 + cra1) — (1 +7)pe] + V2

and thus the agent’s demand for the risky asset is given by

E! —
2y = (D1 + Cer1) — apy (1)
70;

where a = (1 + ) > 1. It is the presence of higher-order moments §; that lead to multiple
equilibria (see, [24] and [38]). Appendix A shows that while the main results of the paper
continue to hold, strict parameter restrictions must be imposed to solve the nonlinear model
analytically. This problem is commonplace in the literature and in order to avoid uniqueness
and multiplicity issues, the conditional variance term is typically assumed to be constant and
common to all traders (e.g., [11]). In the model studied below, I normalize the coefficient of
risk aversion and the variance parameter to unity. The resulting demand schedule

Zit = Ei(pt-i—l + cri1) — apy (2)

not only offers a unique equilibrium, but also has a broad appeal in that there are many
economic models that have equations analogous to that of (2). For example, with ¢y
defined as dividends, we have a present value model for stock prices; with ¢;,; defined as
the difference between national money supplies and income levels, it becomes the monetary
model of exchange rates; with ¢;1; defined as a short-term interest rate, it becomes the
expectations hypothesis of the term structure; and so on.

Singleton assumed supply of the asset was stochastic and determined by nonspeculative
traders, which serves to break the no-trade theorem. That is, the net supply of the asset s;
(total supply less nonspeculative demand at time ¢, less the mean difference) is the sum of
two stochastic components and price

sy = A(L)ev + B(L)eo + Epy (3)

where A(L) and B(L) are (possibly infinite-order) polynomials in nonnegative powers of
the lag operator L with square-summable coefficients (i.e., > 22 A7 < 00), and {e;;} and
{e2:} are mutually and serially uncorrelated, normally distributed random variables with



zero mean and variance components 031, ‘7522-5 The net supply is interpreted as arising from
non-speculative traders in the U.S. bond market (e.g., the U.S. Treasury, the Federal Reserve,
financial intermediaries). The shocks to net supply could thus arise from non-speculative
traders attempting to satisfy “macroeconomic” objectives and for technical reasons related
to the financial intermediation process. Non-speculative traders are assumed to respond
positively to an increase in price; thus, following Singleton, I will assume & > 1.

The market clearing condition equates equations (2) and (3), and gives the equilibrium

price to be

1
Ypr = / Eipip1di + ¢+ e — 54 (4)
0

where ¢ = (£ + @) > 1. Thus, the equilibrium price of the asset at time ¢ depends upon
the market-wide average expectation of the asset price at t + 1.5 However, each trader’s
forecast of p;,1 will depend upon the market-wide forecast of p;;o, and so on, ad infinitum.
If traders’ information sets generate disparate expectations, the problem of infinite regress
arises. When forecasting p;.1, each trader must take into account every other traders’ forecast
of pii1,pere,---. If the equilibrium price does not reveal all privately held information,
then the usual method of solving for the rational expectations equilibrium (e.g., [9]) breaks
down.” The principal technical difficulty is that agents are extracting signals from endogenous
variables. When endogenous variables convey information, it becomes difficult to identify a
tractable set of state variables because an agent’s notion of the state of the economy would
include other agents’ forecasts of the asset price at indefinitely many future dates, thereby
making the dimension of the state indefinitely large. In contrast, for symmetric information,
representative agent models involving signal extraction from endogenous variables, the true
state vector is latent from the optimizer. Beliefs then serve as the defacto state variable
(e.g., [26]), and the Kalman filter can be employed to estimate the hidden state. But when
the state becomes infinite dimensional, as it does here, this method cannot be applied.

The next section describes a solution procedure for handling the infinite-dimensional
state space problem faced by the investors in Singleton [35]. In lieu of truncating the state
space, the solution technique uses frequency domain methods to analytically solve for equi-
librium. The solution procedure also gives conditions under which the equilibrium price
process contains too much information to preserve higher-order beliefs in equilibrium.

°Eq. (3) places no restrictions on the serial correlation properties of {s;}. The Wold Decomposition
Theorem allows for such a general structure (see, [33]).

6Notice that (4) does not imply asymmetric information with respect to the coupon stream. The argument
is that asymmetric information in the U.S. bond market would arise with respect to the supply process.

"Moreover, as recently emphasized by [3], average expectation operators usually fail to satisfy the law of
iterated expectations. Therefore, in an economy with asymmetric information, the price of an asset today
will not equal the representative agent’s discounted expected value of the asset’s payoff stream conditional
on information available today, but the price will also encompass investors’ higher-order beliefs (see also, [7].



3 Information and Solution Techniques

3.1 Information

It is important to be meticulous about the conditioning information sets of agents in models
of asymmetric information, especially when information can be extracted from endogenous
variables. To place structure on the problem, solutions to the model will be sought in the
space spanned by square-summable linear combinations of the fundamental driving processes
{uy, €11, €2¢}. This assumption rules out sunspot equilibria and implies that the solution will
lie in a well-known Hilbert space (i.e., the space of square-summable sequences, denoted
5(—00,00)). The information set of agent i at time ¢, denoted by €, represents the current
and past values of the variables observed by trader 7. There will be two types of information
available to each agent — exogenous and endogenous. Exogenous information, denoted by
U}, is by definition not affected by market forces and is assumed to covariance stationary
(see restrictions (R1)-(R2) below). Endogenous information is generated through market
interactions of differentially informed agents.

Following Futia [15], covariance stationary equilibria require the following restrictions on
the time evolution of the information set of agent 1.

Definition 1. The information set of agent i, Qi is said to be stationary if the following
two properties are satisfied,

QCQ,,, Vit (R1)
LO, =9, Vit . (R2)
The first condition requires that agents learn over time and do not forget information. The

second condition ensures that the information process evolves according to a stationary
process and follows from the following theorem due to Kolmogorov [22].

Theorem 1. A stochastic process {X;} in Hilbert space H is stationary, if and only if there
exists a unique unitary operator L on its time domain and an X € H(X) such that

X,=IL'X, teZ.

Proof. See [22]. O

In what follows, the information set of trader ¢ is generated by square-summable sequences
of stationary processes—[15] referred to random variables with this property as admissable.
Therefore, we need the following corollary to Theorem 1, which states that any linear trans-
formation of a stationary process with constant coefficients is also stationary.

Corollary 1. Let X; be a stationary process in H with the lag operator L, then the stochastic
process {Yy;t € Z} defined by

Y= lim Y anXiy, (5)
k=—n

1s also stationary with the same lag operator L.



Proof. See [31]. O

Given that the economic shocks {uy,e14, €9} are assumed to be stationary processes and
that trader 7’s information set is comprised of square-summable sequences of the economic
shocks, (R2) will be satisfied. Couple this with the assumption that agents behave rationally
and (R1)—(R2) will always hold in the analysis below.

Remark 1. Given the restrictions on the time evolution of agent i’s information set ((R1)-
(R2)), the Projection Theorem (see, [12]) implies that agent i’s conditional expectation of piyq
is the orthogonal projection of p;y1 on the smallest closed subspace which contains 2. This
subspace will include both exogenous and endogenous information, and since the collection
of wvariables is jointly normal, conditional expectations will reduce to linear least-squares
projections. Let H,(t) denote the space spanned by square-summable linear combinations of
current and past values of x. Then trader i’s expectation of ps11 is given by

Ej(pir1) = Upent 4] = Wlpen [UF\/ Hy(8)] (6)

where T1 denotes linear least-squares projection and U\ H,(t) is standard notation for the
“linear space spanned by U} and H,(t).”

Agents use all exogenous information and information generated by current and past
values of the equilibrium price in evaluating the expectation of tomorrow’s price. The ex-
pectation of investor ¢ is then simply the orthogonal projection of p;;; onto the subspace
generated by U} and H,(t). Let Z; denote the set of information known by all traders at
date ¢ (ie., Z = |J; Q). We are now ready to define a rational expectations equilibrium

(REE).

Definition 2. A rational expectations equilibrium is a stochastic process for {p;}, with p, €
=i, that satisfies market clearing (4), where expectations are formed according to (6).

The requirement, p; € =, is what Futia [15] referred to as the axiom of “no divine revelation.”
This condition prevents equilibrium prices at date t from conveying any more information
than that which could be in principle be available to traders at date t. In a symmetric
equilibrium, agents’ expectations coincide:

Definition 3. We say a REFE is symmetric if after observing the history of equilibrium prices
{pt_j}j?'io all traders have identical information and make the same forecasts. That is

E(pi1) = Open |U; \/Hp<t)] = E](pe41) = Hpesa |U} \/ Hy ()]

for all v and j.

3.2 Solution Procedure

This section outlines a solution procedure that highlights the contributions of Sargent [34],
Kasa [19], and Pearlman and Sargent [29], but also adds conditions that guarantee equilib-
rium even when operating outside of the specialized setup of Townsend [36].
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The equilibrium of the model is computed in the following four steps. First, each trader
uses all available information at time ¢ (£2) to form beliefs about the current price process.
Second, the conditional expectation of p;;; will be taken via Wiener-Kolmogorov optimal
prediction formulas. Third, the appropriate form of (4) is then used to impose market
clearing. In solving the equilibrium fixed-point problem, I follow Kasa [19] in appealing to
the Riesz-Fischer Theorem and deriving the solution in the frequency domain.® Recall that
the current information set of investor ¢ includes the current price and past prices. Surely
traders will condition on past prices; therefore, the fourth step is to ensure no additional
information can be gleaned from the current price than that which was assumed at step one.

It is the fourth and final step that must be satisfied for an equilibrium to exist. I will
refer to the “equilibrium” generated by steps one through three as a candidate equilibrium.
This is to emphasize that agents of the economy can extract information from endogenous
variables—in this case, the price of the asset. Hence in order for the candidate equilibrium to
be an actual equilibrium, it must be the case that the price of the asset does not reveal any
additional information than that assumed at step one. If the candidate equilibrium price does
reveal information to agents that they did not have in forming expectations, then the solution
procedure will be repeated with the updated information sets of the traders. In a sense, we
must have an“informational fixed point” in order for the price process to be sustainable in
equilibrium. Unlike Pearlman and Sargent [29], who employ invariant subspace methods
of Pearlman et al. [28] to keep track of each agent’s forecast error, I argue that frequency
domain techniques make it easy to keep track of the Hilbert space generated by endogenous
variables. The assumption here is that agents have access to vector autoregression (VAR)
technology, and the information content of the asset price will be shown to hinge upon a
simple invertibility condition.

It is important at this stage to explain in greater detail why it is more efficient to solve
models of higher-order beliefs in the frequency domain. As described in Kasa [19], the ben-
efit of working in the frequency domain is pure computational convenience. Working in the
time domain, Sargent [34] shows how to convert the infinite dimensional state space asso-
ciated with the forecasting the forecasts of others problem of Townsend [36] into a finite
dimensional system. Rather than guessing an infinite-order autoregressive representation
for beliefs (the state variable), Sargent models agents as forecasting by fitting low-order
autoregressive, moving-average (ARMA) representations. By introducing moving-average
components in agents’ perceptions, Sargent utilizes the ability of low-order ARMA represen-
tations to replicate the space of some infinite-order AR representations. The drawback of
this approach is that not only does one have to solve a fixed point problem in the coefficients
of the ARMA process, but the order of the ARMA process must be matched as well. This
led to the insight of Kasa, who shows how this two-step process can be condensed into a
single step by working in the frequency domain. As opposed to guessing a functional form for
beliefs, applying the Kalman filter, and then attempting to match coefficients, the frequency
domain allows one to work with a functional fixed point problem. Therefore coefficients and
order of the ARMA process are matched simultaneously by using the theory of the residue

8Recall the Riesz-Fischer Theorem states there is an equivalence (i.e., an isometric isomorphism) between
the space of square-summable sequences denoted by ¢5(—00, 00) and the space of square integrable functions,
L?[r, —n]; the former is referred to as the time domain and the latter the frequency domain.



calculus.
As a purely expositional example of how the frequency domain improves computational
efficiency, suppose investor ¢ believes the asset price follows the process

bt = K(L)gta

where K(L) is a polynomial in nonnegative powers of the lag operator L with square-
summable coefficients. Working in the time domain, one has to take an explicit stance
on the functional form of K (L) (i.e., ARMA(1,1), ARMA(2,1), etc.). After an optimization
routine (typically involving an application of the Kalman filter), one has to match the co-
efficients of the process in the usual way. However in equilibrium, one must also match the
order of the process. For example, investors who guess that the price process K (L) follows
an ARMA(1,1) might be able to reduce their forecast errors by changing their guess to an
ARMA(2,3).? Conversely in the frequency domain, one does not have to take an explicit
stance on the function form of K (L) in forming investors’ beliefs. The only assumption is
that K (L) has square-summable coefficients. Thus in the time domain, one must solve the
fixed point problem in the coefficients and order of the process separately. In the frequency
domain, these are solved simultaneously.

3.3 Homogenous Information

As a baseline model, it is useful to first assume a symmetric information structure that avoids
infinite regress.!® To this end, suppose that every investor observes past prices, the coupon
stream, and net supplies. That is, the common information set of every trader i is given by

Qi = {ptfjactij Stfj : j Z 0} V 7.

Given this informational assumption, an investor’s belief about the average equilibrium price
will be represented by a linear combination of current and past values of {p;,c;, s;}.
the absence of sunspots, these stochastic processes will be driven by the underlying shocks
{ug, €14, €9¢ }. For reasons outlined in Whiteman [41], it is much simpler to calculate equilib-
rium prices and quantities if agents’ expectations are computed under the assumption that
they can see these underlying shocks. This “candidate” equilibrium will be realizable if and
only if the space spanned by current and past values of the candidate processes {c¢;, s, pi} is
identical to that spanned by current and past values of the underlying shocks {uy, €14, €9: }-
Therefore, trader i’s expectation of p;;1 is assumed to be given by

Ej(pes1) = Mlpen |H, (8) \/ Hy (1) \/ Ho(8)] = Mlpe | Hu (1) \/ He, (0) \/ Heo(8)]. - (7)

Thus we proceed by assuming agents see the economic shocks, compute a candidate equilib-
rium under that assumption, and then check to verify that the candidate equilibrium process

9[34] referred to an equilibrium price process in which agents have no incentive to guess an alternative
functional form as “full order.”

10T his case will not only serve as a benchmark but the next section shows how ez ante disparate information
structures can degenerate to this homogeneous information case.

10



{ct, 8¢, ¢} would enable agents to uncover {uy, 14, €9 }. If this recovery is possible, then the
corresponding equilibrium is a rational expectations equilibrium (REE).

Thus, step one of the solution process suggests we begin with the tentative assumption
that every trader believes the average equilibrium price to be given by

Dt = Z Gj Ut—j + Z Dj E1,t—j + Z F} E2t—j = G(L)Ut + D(L)élt + F(L)€2t (8)
Jj=0 Jj=0 Jj=0

where G(L), D(L), and F(L) are (possibly) infinite-order square summable polynomials
in the lag operator L.!' This is an assumption because it is not clear that agents will be
able to observe the underlying shocks of the economy, especially when they are differentially
informed. Hence, the fourth step of the solution procedure must verify the guess made by

(8).
The second step in the solution method is to calculate the conditional expectations using
the Wiener-Kolmogorov optimal prediction formula,?

Ei(pi+1) = L[G(L) = Golue + L7'[D(L) = Dolere + L7 [F(L) — Fole
Ei(ciy1) = L7HO(L) — Coluy.

Imposing market clearing (4) and rearranging, one obtains

1
PPt = / Ei(pi41 + ci1)di — sy
0

@[G(L)uy + D(L)ey + F(L)ey] = L7[G(L) — Golug + L' [D(L) — Doleys
+ L7 F(L) — Fylegy + L7HO(L) — Coluy — [A(L)ey + B(L)ey).

The third step of the solution process is to solve the corresponding fixed point problem in
the frequency domain. As mentioned above, this is simply for computational convenience.
Assuming that this expression holds for all realizations of u;, e1; and €9, the coefficients on
Ug, €15 and 95 must match for every s. In lieu of solving this infinite sequential problem,
one can solve an equivalent functional problem by examining the corresponding power series
equalities

pG(2) = 27'[G(2) — Gol + 27'[C(2) — Co
27'D(2) — Do) — A(2),
©F(z) = 27'[F(z) — Fy] — B(2).

Finding the appropriate functions G(z), D(z), and F(z) in the frequency domain yields the
following proposition.

1Tt is important to note that by working in the frequency domain one does not have to take a stance
on the explicit functional form of beliefs, G(L), D(L) and F(L). This is especially convenient when beliefs
contain moving average components because MA representations are difficult to handle in the time domain.

12Note that we can write the demeaned coupon process as ¢; = C(L)u; where C(L) = (1 —L)~!.
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Proposition 1. The candidate equilibrium price is unique and given by

LA(L)1_—¢¢1LA(W)} . lLB(L)l__‘iDILB (@1)}5% n {Cwllz ; LC (L)]ut, 9)

Pt =

Proof. Due to the symmetry of the problem and the assumption that the shocks are not
correlated, we can focus on solving the fixed-point problem for one process, say ¢1;. A little
algebra gives

D(2)(1 — pz) = Do+ zA(2).

As mentioned above, solutions to the model will be sought in the space spanned by square
summable linear combinations of the underlying fundamental shocks, and thus it must be the
case that the coefficients D; are square summable. The requirement of square-summability
in the time domain corresponds to the requirement that D(z) be analytic on the open unit
disk |z| < 1 in the frequency domain. Given ¢ > 1, this function will not be analytic unless
the free parameter Dy removes the singularity at z = ¢~'. This is achieved by setting the
residue equal to zero and solving for Dy, which yields

lim D(z)(1 —pz)=Do+ ¢ 'A(p™") =0
z—p~1L
Dy =—p ' A(p™).
This implies D(z) is unique and given by

zA(z) — o' Alp™")
(1—¢z) '

D(z)* = (10)

]

The candidate equilibrium price involves three instances of the Hansen and Sargent [16]
prediction formula, and notice that (10) and (9) specify the candidate equilibrium as a
function of the fundamental processes of the model. These cross-equation restrictions are
what Sargent [32] and many others have referred to as “the hallmark of rational expectations
models.”

The fourth and final step in the solution procedure is to determine whether the ez ante
informational assumptions support such a price process. Recall that (8) assumes investors
are able to observe the fundamental shocks to the economy. We can now prove (or disprove)
this conjecture by constructing the observer system for agent i, which includes all of the
conditioning variables on the left hand side and fundamental shocks on the right hand side.
Setting this system up for the symmetric case one obtains,

Ct C(L) 0 0 Uy

St| = 0 A(L) B<L) €1t
Cle~H=C(L) LAL)—¢~'Alp™!) LB(L)—¢"'Ble™") | |,

D 1—pL 1—pL 1—pL 2t
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or more compactly
y: = M(L)e;. (11)

If this system is invertible in nonnegative powers of L, then €; may be obtained as a square-
summable linear combination of current and past y;. This would imply that the guess made
by (8) is verified and that (11) is a REE. This suggests that if agents are equipped with basic
multivariate statistical analysis (e.g., VAR analysis), then knowledge of past and present y is
equivalent to knowledge of past and present €. More formally, the Hilbert spaces generated
by {y¢,¥¢-1,¥¢—2, ...} and {€;, €;_1, €2, ...} must be identical (in mean-square sense).

In order to proceed, we need to place more structure on the model; anticipating analysis
below, we follow Singleton in the specification:!?

Assumption 1. The supply and coupon processes are given by:

1 1
e ()

Note that under this assumption, supply is the sum of a first-order autoregression (AR(1))
and a first-order moving average (MA(1)). Depending on the relative sizes of o2 and o2,
and whether p and ¢ are nonzero, this is general enough to include the following special
cases for the univariate representation of supply: white noise, MA(1), AR(1) (in the limit as
02 Jo2 — o0), ARMA(1,1) and ARMA(2,1). It is now possible to determine conditions for
the invertibility of (11).

C(L) = B(L)=1+<L,  0<[¥]]pl ¢ <1

Lemma 1. The vector moving average representation (11) is invertible (making (9) a REE)
provided

asp
alp—<)+sp

< 1. (12)

Proof. A necessary and sufficient condition for (11) to be a fundamental (Wold) representa-
tion for [¢;, ¢, p]” and thus invertible, is that the determinant of M(z) be analytic and have
no zeros inside the open unit disk. By direct calculation,

A(2)[2B(z) —a'B(a™)]  B(2)[2A(2) —a'A(a™)]
det = — =
et M(z) = C() { (1—az) (1—az) 0
~a?lalp—<) +sp+aspz] (13)
(a—=p)(1 = pz)
the stated condition guarantees that det M(z) does not contain any zeros inside the unit
circle, and therefore (11) is invertible.!4 O

Invertibility makes (11) a fundamental (Wold) representation. This is important because
it implies M(L) has a one-sided inverse in nonnegative powers of L, so a corollary of the

13As in [35], the model was also solved with A(L) = 1+ ¢L. Adopting a different representation for A(L)
will alter the solution of the model slightly but the main results found here continue to hold given |¢| < 1.
4 Notice that if ¢ = 0, representation (11) will always be invertible.
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above lemma is that H.(t) \/ Hs(t) \/ Hy(t) = H,(t) \ He, (t) \V He,(t). Thus, the observables
¢, s and p; span the same linear space as the underlying fundamental shocks u;, €1; and
e9t, and therefore the Hilbert spaces generated by {y, y¢—1,¥¢—2,...} and {€;, €1, €2, ...}
are identical (in mean-square sense). Thus, the equality

E(pir1) = et |Ho() \/ Hy (1) \/ Ho(0)] = Mlpea [Hu(1) \) Hey () \/ Hoy (0] (14)

holds for all i. By allowing traders to guess an equilibrium price that is a linear combination
of the underlying shocks (8), equality (14) was implicitly assumed to hold. This suggests,
and was subsequently proven by Lemma 1, that by observing the combination of the history
of the coupon process, net supplies and equilibrium prices and having knowledge of VAR
analysis, agents would be able to infer the underlying shocks. Therefore, the guess given
by (8) assumed the shocks {uy, €14, £9:} were in the information set of agent . In order to
prove this claim, the observable equilibrium variables {¢;, s¢, p;} had to uncover {uy, £14, €9; }-
Of course this relationship does not have to hold in equilibrium. The next section studies
whether disparate expectations are preserved in this setup under Singleton’s information
structure.

3.4 Asymmetric Information

Following the framework of the U.S. bond market, in which there is little uncertainty con-
cerning the coupon stream, Singleton introduced asymmetric information via the supply
process.'® Suppose there are two distinct groups of traders, in proportion k and (1 — k).
Traders are not able to observe net supply directly, but every trader receives a private, noisy
signal on A(L)ey; and a public signal on B(L)e.'® Denote the two signals by

vy = A(L)ers + i, vy = B(L)ey

where 7;; is assumed to be i.i.d, normally distributed with finite variance and is uncorrelated
with all other shocks. Not only will each individual trader receive different realizations of
1, but the two groups of traders differ in their qualities of information. Traders in group 1
(in proportion k) see private signals with smaller variance (0 < cr 5). Of course agents will
also be able to condition on current and past prices, and the mformation set of agent 7 at
time ¢ is given by

Qfg = {thj,?)tfj,vit,hpt,j j Z ()}, (15)

The central question is, will this heterogenous information be enough to generate and pre-
serve disparate expectations in equilibrium? The exogenous information structure is asym-
metric; each investor receives a different realization of 7, and the two groups receive different

15Tt is important to note that the main results of the paper continue to hold if asymmetric information is
introduced via the dividend stream.

16 Assuming traders observe a public signal does not imply that traders observe contemporaneous real-
izations of the shock e9;. The assumption of a public signal on s is driven by the Singleton-Townsend
truncation technique, which assumes all traders observe 5 with a two-period lag. The results of this section
would continue to hold even if B(L) = L™, where n is a finite integer.
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qualities of information on average. However, in equilibrium, each trader will also extract
information from current and past prices. If the equilibrium price provides a rich enough
information structure to bridge the gap among traders, then the equilibrium will degenerate
into the one studied in Section 3.3.

The difference between this section and the previous section is that the agents must
first solve the signal extraction problem, which relates the signals to the underlying shocks.
After solving this problem, agents will then use this information to generate a guess of the
equilibrium price process. Consider the following signal system for agent 1,

va] Ay 10 ][
T e O s T A R
Eat
or more compactly,

Since there are more shocks than observables, agent ¢ will not be able to “see” or infer
both economically fundamental shocks (€14, £9;). This implies, a priori, that a relationship
analogous to (14) will not hold. That is,

E{(pes1) = et |He(t) \/ Ho () \ Ho(8)] # Mlpeaa | Hu () \/ Hey () \ Ho, (1) (17)

It is useful at this stage to distinguish the signal extraction problem solved here with
the one solved when implementing the truncation technique of Townsend [36] and Singleton
[35]. The truncation technique assumes traders observe the fundamental shock &; with a
two-period lag,

€1,t—2 L* 0 0 €1t

v | = |A(L) 1 0 Mt

(o 0 B(L) Eot
x; = N(L)e (18)

The above representation is not a fundamental one due to the zero in the determinant of
N (L) at L = 0; therefore traders will not be able to infer the economically fundamental
shocks €1; and &1 1.'7 Comparing the informational assumption of (18) with that of (16),
representation (16) implies less information in that investors are not able to see £1; with a
two-period lag. In fact, the only initial information given to traders concerning &1, is that
which can be extracted from the signal v;. By solving the model analytically without relying
on truncating the state space, we are able to assess the size of the approximation error when
invoking truncation. Foreshadowing results to come, the conclusions reached here suggest
that truncation may poorly approximate the actual equilibrium.

The important question then becomes, given representation (16), what will the agents

"Interestingly, even without implementing the truncation technique, agents of Townsend’s economy solve
a signal extraction problem of this form (see, [19] Eq. (23)).
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be able to infer? To give a concrete example, I adopt Assumption 1 and seek a fundamental
representation to replace (16). The fundamental representation will then be used by the
traders to form a guess of the equilibrium price. The following proposition finds the unique
fundamental representation to replace (16)

Lemma 2. The fundamental signal system for agent © in group k is given by

] = 1757 o] 2 w9

where Jy (L) = =L

1—pL

Proof. We seek a fundamental (Wold) representation for the private signal (v;)— call it
J1(L)&;. This is accomplished by factorization of the covariance generating function of the
private signal, which is given by'®

02

€1
T=p5)(1—pz)

In establishing a fundamental representation, we seek a A\; and 021 such that

g'Ui(Z) = (

ol +or (L—p2)(1—pz') =0 (1= Mz)(1— Nz ).

Setting A\; equal to the smaller root ensures |A;| < 1 and yields'?

1 0521 1 ‘7521 1 2 1/2
M=)+ (=-+r) - 4| =+p)| —4 .
2[\o;p P onp \P

The variance 0521 is then found by the formula

o2 g:(1) o o5 (1-p)
1

A0 (1—Ap)?

]

Note that Type 2 investors will have an analogous fundamental representation Jo(L)&; with
A and o, each a function of o7,

This factorization puts the signal in a form that the agents can use to predict next
period’s price and it also tells us the relationship between the signals and the fundamental
shocks. By construction, (19) a fundamental (Wold) representation and can now be used to
generate trader ¢’s guess of the equilibrium price.

18See [42] or [33] Chapter XI Section 18.

19This also ensures &;; lies in the linear space spanned by current and lagged v;’s. In other words, that
&t is the one step ahead prediction error of predicting vy from its own past, &; = I(vi|vie—1, Vit—2, ...); and
therefore the Hilbert spaces generated by {vis, vi¢—1,...} and {&;, &¢—1, ...} are equivalent.
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Corollary 2. Trader i’s belief of the current price is given by
pe = Di(L)&i + F(L)ea + G(L)uy (20)
where & 1s related to the underlying shock €14 by the equation

E1t 1— ,OL

= Ji(L) AL L) i = t
€ = TW(L) T A(L)eyy + Ji(L) i 1_>\1L+1_)\1L771t

(21)

Note that as the signal-to-noise ratio (o.,/0y,) approaches infinity, \; approaches zero and
the first component of (21) approaches e1;. Conversely as the signal-to-noise ratio approaches
zero, \; approaches p. Therefore traders in group 1, who receive a more precise signal, will
have a more accurate guess of the price process on average. Further, because the entire
price sequence is observable in equilibrium, in order that agents have perceptions about the
serial correlation properties of prices that are consistent with what is observed, the D;(L)
functions must be identical within groups and proportional across groups:

fori <k: D;(L)=x1D(L), for k <i: D;(L)= x2D(L).

Still, this information setup implies disparate expectations for every 1

By (1) = [prs | He(t \/Hvz )\/Hv(t [pes | Hu(t \/Hé )\/H@(tﬂ

In particular, for ¢ < k,
Eipiy1 = L7 D(L) = Dolx1&u + LTHF(L) — Folear + LTHG(L) — Goluy

Given that the n;’s are i.i.d., I will assume that a version of the strong law of large
numbers holds for each of the two groups so that the overall impact of the idiosyncratic
shocks averages to zero. That is,

k
Elp = / Eips1di = kL' [D(L) — Dolé1; + kL' [F(L) — Fyley + kL G(L) — Golus
0

where

X1€1¢

k
S = Xl/o Sindi = m

and analogously for £ < ¢ < 1. This assumption will not by itself lead to a symmetric
REE because the traders have different qualities of information (07 < o7,) which implies
& # &. It is important to note that y; > x2 and A\ < Ay implies traders of group 1
have more accurate perceptions and therefore smaller one-step-ahead forecast errors. Thus

heterogenous information and disparate expectations now exists across the two groups,

E; (pis1) = [pe1|He, (¢ \/HEQ \/H #E (Pe41) = H[pega|He, (¢ \/HE2 )\/Hu(t)]
(22)
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Because the idiosyncratic information integrates out, the equilibrium price will be a linear
function of ey;. Thus, p; = D(L)ey + F(L)egy + G(L)uy, and x1 and 3 solve

2 22 _ 22
Oy = X1 = X20¢,

ie.,

. ( o2 (1—\)? )2>1/2 . ( 02 (1= Ay)? )2)1/2'

ng—f—afn(l—p 0521—1-0372(1—,0

It is straightforward to verify that if p; is of the form D(L)ey; + F(L)eo + G(L)uy, then the
average forecast errors py 1 —Elp;11 and pyy g —EZpsy are serially correlated. More troubling
is the fact that individual forecast errors are also serially correlated. If this serial correlation
can be exploited to improve predictions (as will be shown), perceptions (e.g., (20)) will not
match reality, and we will not have a REE. The extent to which this additional information
generated by the candidate price process can be exploited is the crux of the issue. Letting ¢
and j denote the two groups of traders, the market clearing condition is

k 1
PP = / E; (i1 + cir)di + / B (pr1 + cop1)dj — s (23)
0 k
€1t X1 E1tX2
1— ML 1— ML
+L71[F(L) — F()]Efgt -+ Lil[G(L) — GQ]Ut -+ L71[0<L) — C()]Ut — A(L)glt — B(L)&Tgt.

oD(L)es + F(L)ew + G(L)us) = kL7 [D(L) - Dy + (1= K)L[D(L) = Dy

It is easy to see that the solution for F(z) and G(z) will be the same as the symmetric case;
specifically,

_ 2B(2) — ¢ ' B(p™)

Pz = 11—z

The third step of the solution procedure is to equate coefficients on €y, £1;_1, ..., which yields
the power series equality

D(2)[= M0z’ + (As + M)z — (1 — k) Aixz + Aaxak + @)z + kxa + (1 — k) x2]
= Do[(1 — XAo2)kx1 + (1 — A2)(1 — k)xa] + 2(1 — Xi2)(1 — Aaz)A(2).

The roots of the cubic equation
—Mdopz’ + (Ao + M)z = Qaxik + (1= k)dxa + @)z +kxa + (1 —k)x2  (24)

will determine the uniqueness of the candidate equilibrium encountered. The following
proposition shows that for the supply process given by Assumption 1 and assuming the
sum of the gross interest rate and supply response exceeds unity (¢ = £ + « > 1), there is a
unique candidate price.
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Proposition 2. Given ¢ > 1 and Assumption 1, the price process generated by information
(15) and the market clearing condition (23) is unique.

Proof. See Appendix B. n

In order for the equilibrium price to be unique, we need ezactly one root of (24) to lie inside
the unit circle. If no root lies inside the unit circle, then the free parameter Dy will not be
pinned down and D(z) will not be unique. If more than one root lies inside the unit circle, a
square-summable D(z) satisfying (24) does not exist. The proof found in Appendix B shows
that there exists exactly one root that lies inside the unit circle. Let 6 denote this root.
Then Dg will be set to remove this singularity as before; in this case we have

(1 — \0)(1 — Aa0)A(0)

D= — .
0 (1= Xa0)kx1 + (1= M0)(1 —E)xe

Substituting D{ into D(z)

D(2)[=Mhpz’ + (A2 + M)z — (1 — k)dixa + doxik + )z + kx1 + (1 — k)x2]
- (= %0k + (1= MBI — M) Al = hall = he)dle)
(25)

or more compactly

Dil(1 = AaL)kxa + (1 — ML)(1 — k)xa] + L(1 — ML)(1 — \L)A(L)
—AAopL3 4+ (Ao 4+ A1) L? — (1 — k)Aixe + Aoxik + o)L+ kx1 + (1 — k)x2

D(L)*{Elt = E1t-

We now have our unique candidate equilibrium price process,
Pt = D(L)*Elt + F(L>*52t + G(L)*Ut (26)

and we can construct the post-equilibrium observer system for a trader #:

¢ C(L) 0 0 0] [u
Vi | 0 A(L) 0 1] e
wl =1 o 0 B(L) 0| |ex
pe G(L)* D(L)* F(L)* 0] [
v, =H(L)e (27)

Representation (27) corresponds to the information available to trader i at time ¢, 2. If (27)
is a fundamental (Wold) representation, then the Hilbert spaces spanned by {v},v;_;,...} and
{€:, €1, ...} are equivalent, and every trader will be able to infer the shock €1, by observing
the price sequence. In other words, even though we assumed (at (20)) that agents saw only
a noisy signal on e;; when forming expectations, the market interactions of those agents
injects enough information into the price to reveal the underlying £1; process. Thus after

19



conditioning on the current price, every investor will have identical forecasts in equilibrium.
This leads to the following proposition.

Proposition 3. Under Assumption 1, the candidate price process (26) reveals the current
and past realizations of the fundamental shocks {1}, {€2:} and {u;} to all traders.

Proof. See Appendix B. It is shown in Appendix B that the determinant of H(z) has no
zeros inside the unit circle. Following Lemma 1, this proves that (27) is a fundamental
representation and reveals u;, €1; and eq;. O

A few observations are noteworthy at this point. First, the upshot is simply that the
assumption of asymmetric information is not sustainable in equilibrium. FEven the non-
truncated signal extraction problem given by (16) and the additional layer of asymmetric
information (021 # 07272) provides too much information through market interactions to pre-
serve asymmetric information. Traders will surely condition on past prices and update their
forecasts accordingly. Showing (27) is a fundamental representation is tantamount to the
argument that all traders will guess a price process of the form

Pt = D(L)élt + F(L)EQt + G(L)Ut

And therefore the idiosyncratic shock will not enter the average traders’ perceptions. More
importantly, the conditional expectation (17) will be replaced by

Ezf(pt—i-l) [pey1|He, (¢ \/ He, (1) \/ H,(t)]. (28)

All traders will share the same forecast! Hence there is no need to forecast the forecasts of
others. This economy will then degenerate into the one studied in Section 3.3.

Second, this is a general result in the sense that it does not depend entirely on the law
of large numbers and holds under weak assumptions. It has been known for some time-at
least since Admati [2]-that without the assumption of two differentially informed groups
of investors (recall o) # 02,), invoking the strong law of large numbers makes the results
found here trivial. But Proposition 3 proves that even the two disparately informed groups
will share the same forecast in equilibrium. Also, Assumption 1 does not depend upon
the degree of asymmetric information (i.e., does not depend upon 021 or 022) and is not
that restrictive. For example, following [35] and assuming ¢ = 0, implies the proposition
holds for any stationary AR(1) process (|p| € (0, 1)) regardless of the degree of asymmetric
information.2°

Finally, with an analytical solution in hand, it is easy to assess the approximation error
associated with truncating the state space. The sustainable equilibrium price process will
be identical to one derived in the previous section; specifically,

. [LAWX) - <p‘54(s0‘1)}€”+ {LB(L) — 90‘13(90‘1)}5% N {C(w‘l) —C(L)

= . (29
Pe 1 — L 1—¢L 1 —¢L ]ut (29)

20Moreover, it can be shown that these results extend to alternative time series specifications.
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From the signal extraction problem given by (18), it is clear that the approximate price
process derived from truncating the state space can be written as

Pi = D; + 0181 + 028111 (30)

where, as shown in Singleton, the coefficients o1 and ¢, are functions of the degree of asym-
metric information (07 and o7,).*" Therefore as the degree of asymmetric information across
groups becomes large, the approximate price process (30) deviates further away from the true
equilibrium (29).

4 Conclusion

It seems doubtful that the bulk of fluctuations in asset markets is due primarily to differences
in risk tolerance. A more likely alternative is that trade is generated by agents who are
endowed with different sets of information. Unfortunately, tractable models of heterogenous
information in a dynamic setting are difficult to construct and even more difficult to sustain
in equilibrium.

This paper has demonstrated how endogenous variables reveal privately held information
in a dynamic, asset pricing model. An explicit solution procedure that yielded analytical
results was introduced. The solution procedure employed frequency domain techniques to
keep track of information sets (Hilbert spaces) generated by endogenous variables. It was
shown that a simple invertibility condition implied the revelation of economically fundamen-
tal shocks. Traders equipped with basic statistical analysis could then condition upon this
“new” information and update their forecasts accordingly. Information structures previously
believed to preserve disparate expectations were shown to be fully revealing.

One direction of future research would be to expand the solution technique to include
a wider class of models.?? For example, instead of examining models with simple point
forecasts, one could imagine examining models with distribution forecasts. One could also
expand the model by examining information generated by polynomials of the fundamental
shocks, in lieu of simple linear combinations of the shocks. Assuming one stayed within the
confines of a well-defined Hilbert space, the methodology established here could be used in
these efforts.

Another line of research is to examine interesting ways to preserve higher-order beliefs.
For example, Kasa et al. [20] preserve higher-order beliefs in a dynamic asset pricing model
by assuming a special information structure that gives rise to zeros in the post-equilibrium
observer equations. These zeros prohibit equilibrium prices from revealing the economically
fundamental shocks. Alternatively, one could assume that agents are adaptively rational
(e.g., [10]), have limited capacity (e.g., [43]), have access to short-lived information ([3], or
act strategically to limit information dissemination (e.g., [8]). That these efforts seem to
require very special circumstances to preserve differential information in equilibrium when
disparate expectations seem so widespread, suggests that models of asymmetric information
will constitute a fruitful area of research for some time to come.

21This can also be seen by finding the fundamental representation associated with (18).
22T thank an anonymous referee for suggesting this future line of research.
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Appendix A: Equilibrium Multiplicity
Recall the following demand schedule for the risky asset

E!(pey1 + ce41) — ape
Y0

Zit =

where §; = vari(piy1+cey1) and o = (1+7) > 1. This appendix shows how the conditional variance
term 0 leads to multiple equilibria and the conditions under which the results of Section 3.4 continue
to hold. To shorten the length of this appendix, I will assume that supply is given by: s; = A(L)eqy,
and that traders see only the private signal and the coupon stream, Q = {vy_j,ci—; : j > 0}.
Adding the second component of the supply process does not change the results qualitatively.
Consider the same informational setup of as before with the signal system for agent ¢ < k given

by

vie| _ [(L) 0 | [&

Ct 0 C(L) (7
Invoking Assumption 1 implies the derivations follow exactly as in Section 3.4, with the only
difference being the addition of the conditional variance term, . Given that agents initially only
condition on the information extracted from signals and that they are able to match the serial

correlation properties of the actual price process (p; = D(L)e1; + G(L)u), the conditional variance
terms will be identical across groups in equilibrium, i.e.,

§ = vary(pi11) + vary(ciq1) + 2covi(pey, cir1)
= Djo?, + (Go + Cp)’or.

The corresponding market-clearing condition is given by

ko 1
opt = / Ey(per1 + cey1)di +/ B! (pe+1 + coy1)dj — 0ysy
0 k
€1t X1
1—X\L
+L7YG(L) — Golug + L™HC(L) — Colus — 0vA(L)eys

E1tX2
1— XL

@[D(L)eys + G(L)us] = kL™ [D(L) — D) + (1 — k)L™'[D(L) — D]

where now ¢ = [yd¢ + a] > 1. As before, both D(z) and G(z) must be analytic on the unit disk
for all realizations of £1; and wu;, but the inclusion of the conditional variance has linked the two
power series, which can be seen by rearranging and expanding the conditional variance term,

D(2)[=M Aoz + (Mo + M)wz? — (1 — k)Aixe + daxik + @)z + kx1 + (1 — k)x2]
= Do[(1 = X22)kx1 + (1= Miz)(1 = k)xo] + 2(1 — Mi2)(1 = Aaz)y[Djo?, + (Go + Co)’on] A(2)
(31)
(

G(2)(1—p2)=Go+Co—C(2) 32)

There exists a potential pole at z = |p~'| < 1 in (32) unless the free parameter Gy is set to remove

the singularity. That is, Gy = C(¢™') — Cp and G*(z) = %;ZC(Z). The root condition for
uniqueness in (31) continues to be identical to the previous section ((24)), and we know that there

exists exactly one root (6) that lies inside the unit circle. Then as before, Dy must be set to remove
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the singularity at z = 6. Thus we have
Do[(1 = M0)(1 = k)x2 + (1= Aab)kxa] + [DGoZ, + Cle™") o]y A0)0(1 = M0)(1 = Aof) =0 (33)

Given that there are two roots that satisfy (33), there are ezactly two equilibria. Moreover, the ex-
cess ‘noise’ associated with the stochastic coupon stream coupled with risk-averse investors severely
diminishes the probability of finding equilibria that are real valued. In order for Dy (and the cor-
responding price process) to be real valued, restrictions must be placed on the parameter values.
Removing uncertainty in the coupon stream (o2 = 0) yields two equilibria with?

_ (=M (A—k)x2+(1-A20)kx1
D _{ o2 YA(@)0(T—X10)(1—X20) (34)

The second case implies p; = G*(L)u,; for all t. However, if 02 # 0, then, from the quadratic
formula, a necessary and sufficient condition for finding a real solution is given by the following
restriction

[(1 — )\19)(1 — k‘)XQ + (1 — )\29)/€Xl]2
402 2 A(0)202(1 — M0)2(1 — X20)2C (1)

o2 < (35)
Assuming o2 satisfies the above restriction then the number of roots in Dy satisfying (33) will
be the number of equilibria encountered. While the potential existence of multiple equilibria is
disconcerting, we are more concerned here with the revelation properties of the price process(es).
The candidate equilibrium price process(es) will be given by: p; = D(L)*e14 + G(L)*uy, where

_ DGl = AeL)kxa + (1 = ML)(1 — k)xa] + L(1 — M L)(1 = Ao L)y(Dg?02, + Clyp~")?0y) A(L)

D(L)*
(L) —AA2L3 4+ (A2 + A)eL? — (L= k)Aixe + Aexik + @)L+ kxi+ (1 — E)xe
(36)
Clp) ' =CL)
G(L)* =
(L) oL
The post-equilibrium observer system for trader ¢ is then
Vit A(L) 0 1 E1t
Ct = 0 C(L) 0 Ut
x = Q(L)e& (37)

As in the previous section, this observer system will reveal the underlying shocks 1; and wuy; if
(37) is a fundamental Wold representation; that is, if the determinant of Q(L) does not contain any
zeros inside the unit circle. Assuming the minimum variance condition (35) is met with equality
implies that there exists exactly one root that solves (33),

(1 — )\19)(1 — k‘)XQ + (1 — )\29)]{})(1 ‘

Di = —
0 202 YA(0)0(1 — M0)(1 — Xob)

23Singleton found these equilibria numerically.
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The price process is therefore unique and given by

D(2)*[=A1hapz® + (A2 + A1)z — (1 — k)Aix2 + Aexik + )z + kxa + (1 — k)x2]

= TP |20~ M2 = ) A = M1~ ke + (1= Dbl

O(1 — A10)(1 — X20) A(O)[(1 — M12)(1 — k)x2 + (1 — A22z)kx1] (38)

Comparing (38) with (25) it is easy to see how risk aversion enters the candidate equilibrium price
process. More importantly, it is easy to see that the zeros of (25) and (38) will coincide. In other
words, the zeros of the determinant of Q(L) are given by

det O(L) = —D(L)*C(L)
—(1+92)(z — 0)[Qz* + Rz + S|

The exact condition for price revelation encountered in Section 3.4! Appendix B shows that
there are no zeros that lie inside the unit circle and therefore the price process will reveal all privately
held information. The equilibrium price of this economy is determined by a symmetric information
structure. Moreover as o> falls below the minimum variance condition (35), the economy converges
to the candidate equilibria with Dj given by (34). Using the techniques of this paper, it is easy
to show that these candidate equilibria will also reveal and degenerate into symmetric information
equilibria.

Appendix B: Proof of Propositions
Proof of Proposition 2

The following theorem will be used to show that two roots of (24) lie outside the unit circle with
one real Toot inside the unit circle (see, [13]).24

Theorem A (Rouché). Suppose that two functions f and g are analytic inside and on a simple
closed contour C. If |f(z)| > |g(2)| at each point on C, then the functions f(z) and f(z) + g(2)
have the same numbers of zeros, counting multiplicities, inside C.

To determine the number of roots of the cubic equation
—MAopz® + (A + M)z — oxak + (1 — k)Aixe + 9)z + kxa + (1 — k)xe (39)
interior to the circle |z| = 1, rewrite (39) as
—a323 + a222 —a1z+ap

and define

2
f=—aiz+ ao, g=—a3z® + a2

24Thanks to Ken Kasa for suggesting Rouché’s Theorem in proving Proposition 3.1.
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Notice that f has a (single) root inside the unit circle, since a; > ag. To show this define ¥; =
051/\/031 + 02 (1 —p)? and x; = ¥;(1 — \;) for i = 1,2, and note

kxi(1—A2) + (1 —k)xa(l —A) = (L= M)(1 = Ag)[kdh + (1 — k)do] <1 <o
Next, notice that |f| > |g| on |z| = 1; to wit, note that?>
| =1 =A)(1 = A2)| <o <[(1T =)L = A2) [k + (1 — k)Da] — 2¢)

implies

| = (1= A)(1 =A)[ <[(X = A)(X = A)[kd1 + (1 — k)da] — 2¢]
which gives the result

| = o(MA2 = A2 = A1) < [(1 = A)(1 = Ag) [k + (1 — k)d2] — ¢

Proof of Proposition 3

Following Lemma 1, in order to prove that (27) is fundamental and reveals u;, €1; and €9, we
must show that the determinant of H(z) has no zeros inside the unit circle. This implies that
traders equipped with VAR analysis will be able to figure out the underlying economic shocks of
the economy. Recall B(z) = 1+ ¢z where || < 1. By direct calculation, the numerator of det H(z)
is

—(1+52)(z —0)[Qz* — Rz + 5]
where

Q = MA2lkx1(1 — A20) + x2(1 — k)(1 — Mi0)](1 — bp)
R=(1-M0)(1—0)[kx1A2 + (1 = k)x2M] + (1 = 0p)[kxa A (1 — A2b) + (1 = k)x2A2(1 — A\16)]
S=(1-M0)(1 = Ab)[kx1 + (1 — k)x2].

The determinant of H(z) has four zeros. The root z = 6 is by construction (recall D was set to
ensure such a numerator zero would cancel the like term in the denominator of D(z)) and the root
z = —~! lies outside the unit circle. Therefore, the roots of

Q2>+ Rz+ S (40)

determine whether or not representation (27) is a fundamental (Wold) moving average. We must
now show that for ¢ > 1 there exists no roots that lie inside the unit circle. In other words, the
quadratic given by (40) has both roots outside of the unit circle. This implies that the representation
(27) is fundamental, hence eliminating the need to forecast the forecasts of others. Recall the

25t is interesting to note in passing that given A; = )y the above inequalities can be established via
the unique properties associated with the golden ratio (i.e., the positive number that solves the equation

p+ot=1).
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quadratic is given by

Y(2)=Qz*~Rz+S
Q = MAglkxi(1 = A2b) + (1 — k)x2(1 — M0)](1 — 6p)
R=(1-M0)(1—0)[kx1A2 + (1 = k)x2M] + (1 = 0p)[kxaAi(1 — A2b) + (1 — k) x2A2(1 — A\16)]
S=(1-=x0)(1—A0)[kx1 + (1 —k)x2]

First notice that @, R and S are all strictly positive, implying that Y (0) > 0 and all the corre-
sponding roots must be strictly positive. Moreover Y (1) > 0; ignoring (1 — k)x2 terms (due to
symmetry) yields

V(1) = kxa[MAa(l = A20)(1 = 0p) — (1 = A6)(1 — Ae0) A2 — (1 = Op) A1 (1 — A2f) + (1 — A160)(1 — A20)]

= kx1(1 = A20)(1 = A2)[(1 = A1) — A1 (1 — 6p)]

which is clearly positive because (1 — A10) > A1 (1 — 0p).

We now need to rule out the case that both roots lie inside the unit circle. We do this by showing
that the minimum lies outside the unit circle.

R
2" = argmin Y (z) = 20 > 1

Again focusing on ky1, we need to show that
R — 2Q = k‘Xl)\Q(l — )\19)(1 - )\29) + (1 - Hp)kX1)\1(1 — )\20) — Q[Al)\gkxl(l — )\29)(1 — ep)] >0
= kx1(1 = A20){A2[(1 — A16) — A (L — pb)] + (1 — pf) A1 (1 — A2)}

which is clearly positive.
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