ACCURACY, SPEED AND ROBUSTNESS OF
PoLICY FUNCTION ITERATION®

Alexander W. Richtér  Nathaniel A. Throckmorton  Todd B. Walket
August 19, 2012

ABSTRACT

Policy function iteration methods for solving and analggiynamic, stochastic general
equilibrium models are powerful from both a theoretical anchputational perspective. De-
spite obvious theoretical appeal, significant startupscastl a reliance on a grid-based method
have limited the use of policy function iteration as a salutalgorithm. We reduce these costs
by providing a user-friendly suite of MATLAB functions thaitroduce multi-core processing
and Fortran via MATLAB’s executable function. We demontgnahy policy function iteration
is particularly useful in solving models with regime-degdent parameters, recursive prefer-
ences, and binding constraints. We examine a canonicabusaless cycle model and a new
Keynesian model that features regime switching in poliagpeeters, Epstein-Zin preferences,
and monetary policy that occasionally hits the zero-lowairra to highlight the attractiveness
of our methodology. We compare our advocated approach &r éémiliar computational
methods, highlighting the tradeoffs between accuracy peddc
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1 INTRODUCTION

The Great Recession, the prospect of exponentially risowgignment debt, interest rates at the
zero lower bound, and potential sudden changes to monetdryszal policy make clear that non-
linearities are a crucial element to contemporary macno@eic analysis. Successfully modeling
each of these scenarios requires large and persistentidagifrom the non-stochastic equilib-
rium. Linear approximations around a deterministic stestdie poorly captures these equilibrium
properties.

We argue that policy function iteration is a flexible and aeteway to solve dynamic general
equilibrium models with substantial nonlinearity. Polfayction iteration methods for solving and
analyzing dynamic, stochastic general equilibrium modedpowerful from both a theoretical and
computational perspective. Despite its theoretical appegnificant startup costs and a reliance
on a grid-based method have limited its use as solution idhgas. We reduce these costs by
providing a user-friendly suite of MATLAB functions.

We demonstrate the usefulness of our approach by examiewvegad topical examples. We be-
gin with a simple real business cycle model and a standardid#ginesian model. These canonical
models are useful starting points because their solutindgeoperties are well known. They also
provide useful benchmarks for speed and accuracy. Seepoovides step-by-step instructions for
how to solve these models with policy function iteration il\MLAB using multi-core processing
and integration of MATLAB and Fortran through executabledi{MEX). Sectior reports alter-
native methods for approximating the policy function, gmalg the tradeoffs between accuracy
and speed. Using a 6-core processor (3.47GHz each), we ihduhsuite reduces computational
time by a factor of 8 in the RBC model and by a factor of 24 in th€ Model relative to non-
parallelized code that does not utilize MEX. Additionaldtastic components further increase the
speeds gains associated with MEX and parallelization.

We then demonstrate the flexibility of policy function itéoa. Section6 introduces regime
switching in monetary and fiscal policy parameters into tiee/Neynesian model with an empha-
sis on understanding the expectational effects genergteeigime switching models. Sectiobs
and7 introduce Epstein-Zin preferences and a zero-lower bomndanetary policy into the New
Keynesian model, respectively. We provide MATLAB code vaittiensive documentation for each
example Richter and Throckmortof2012 provide additional supporting code.

The primary benefit of this algorithm over perturbation noeth[Gaspar and Judd 997); Judd
and Guu(1992] is its ability to easily account for sudden policy changesl other inherent non-
linearities (i.e. zero interest rate bound, default, iersible investmengtc.). The flexibility and
simplicity of the algorithm has led a recent segment of ttezditure to use this method to estimate
monetary and fiscal policy regimes, quantify expectati@fidcts of policy changes, and study
key counterfactual policiedB] (2011); Bi et al. (2011); Chung et al(2007; Davig and Leeper
(2006 2008; Davig et al.(2010 2011); Kumhof and Rancieré2010]. Policy function iteration
and the suite of programs described in this paper can be/ eakspted to handle models with: [i]
endogenous regime change, [ii] temporarily nonstatiopaogesses, [iii] binding collateral con-
straints, [iv] stochastic volatility, [v] news shocks, ajwil heterogenous agents. Even though the
methodology is grid-based, large models such as a two-goapéen economy with six continuous
and one discrete state variable, and two stochastic presess be solved in roughly one hour.

We remind readers that policy function iteration is a nugsrbyproduct of using monotone
operators to prove existence and uniqueness of equiliméeman 1991)]. This provides an



additional benefit to using policy function iteration as @oful approximation results and proofs
of existence and uniqueness can be employed in conjunciibnte numerical algorithm. We
briefly review the theory of monotone operators in an onlipgeadix.

2 PrACTICAL GUIDE

All of the routines required to implement the algorithm anetten in MATLAB or compiled as
MEX (Fortran 90) functions. This code and the code used teesthle models below are publicly
available atht t p: / / www. aubur n. edu/ ~aw 0007/ . The algorithm is broken down into a
sequence of easily implementable steps that are executiedhsifollowing set of functions:

e scri pt. m- Main script that establishes all user-specified inputsha structureO, and
executes all functions. It contains a parallel for-loop thiatributes the optimization routine
at each point (node) in the discretized state space acrbkscally available processors,
which considerably improves computation time. Optimizais performed with Chris Sims’
csol ve. mby finding updated policy functions that satisfy the equililn conditions of the
model until a user-specified convergence criterion is met.

e par anet er s. m- Outputs a structurd?, containing the baseline calibration of the model.

e st eadyst at e. m- Outputs a structuré, with inputP, containing the deterministic steady
state and implied parameters of the model.

e grids. m- Outputs a structurei, with inputsO and P, containing the discretized state
space. The structuf@contains the number of grid points and bounds of each staitle.

e guess. m- Outputs an initial conjecture for each policy functionlwimputsO, P, S, andG
The structureO specifies whether the initial conjectures for the policydtimns are drawn
from the log-linear solution to the model or the most receariaition, which allows the user
to resume the algorithm if it is interrupted prior to convamge.

e vari abl es. m- Outputs a structure/, containing an index of variables, forecast errors,
and shocks and the corresponding variable descriptions.

e | i nnodel . m- Outputs the linear transition matriX, the impact matrix of the stochastic
realizationsM and a 2-element vector of flagsy, indicating existence and uniqueness of
the linear solution. The linear model is solved using ChimssSgensys. malgorithm and
requiresP, S, andV as inputs.gensys. mis user written MATLAB code that is designed
to solve stochastic linear rational expectations moddte Key to using this code is to map
the model into the form

ToXep1 = T1 Xy + Ve + 1nq,

whereX is a vector of variables (exogenous and endogeneus) vector of shocks, ang
is a vector of forecast errors whose elements satisfy

xr
Mip1 = Tep1 — Eyre

for somexr € X. Assuming the shocks are normally distributed and mean geEnosys
outputs the coefficientd; and M, of the following equation:

Xt+1 = TXt + M€t+1.


http://www.auburn.edu/~awr0007/

e egqm m- Outputs a matrixR, containing the residuals to a subsystem of expectatiayel-e
tions the are constrained by the remaining equations ingtgilerium system. This function
requires as inputs the structuf@sS andG, a vector of initial conjectures, the state at each
node, and the current policy functions (required for intéaion/extrapolation).

e al | t er px. m- Performs linear interpolation and extrapolation. MATLABd Fortran rou-
tines Fal | t er px. f 90) are provided. The naming convention uses a sequence @ thre
integers representing the number of state variables,yploirections, and continuous stochas-
tic variables. These functions can evaluate multiple oibtit, in the interest of speed, are
not generalized and may require straightforward modificegifor alternative combinations
of states, policies, and stochastic varialdles.

e pf. mat - Data array containing the current policy functions andallictures.

2.1 NUMERICAL ALGORITHM This section outlines how to implement the algorithm. There
are a number of model-specific initializations: model pasters, steady state values, and grid
parameters (e.g. the number of points in each dimensionendistance between them) specified
by the programmer. Through trial and error, we found thainit&lizations are best performed in
the following order.

First, set the baseline calibration of the modebpiar anet er s. m In addition, specify a
convergence criterion for the policy functions, which atethe accuracy and speed of the solution.

Second, calculate (using a nonlinear solver, if necesslagyjeterministic steady state and any
implied parameters ist eadyst at e. m Steady state values are required for solving the linear
model and are often helpful for setting up the discretizatesspace.

Third, specify the number of points and the bounds for eaath, gvhich are contained in
structureO and specified irscri pt . m The built-in MATLAB function| i nspace establishes
a grid for each state variable gri ds. m The built-in MATLAB functionndgr i d creates an
array for each state variable where every position reptesaimique permutation of the discretized
state variables. The total number of elements in each asrteiproduct of the number of points
assigned to each state variable and represents the numiedes in the discretized state space.

Fourth, establish an optimal set of variables to serve asnigal policies. The set of possible
policy functions is not unique, but as a rule of thumb, essalgbolicy functions over the minimum
set of variables required to solve for all remaining timariables given the state of the economy.
We always reduce the number of policy variables to the nurobequations with expectations
operators.

Finally, obtain initial conjectures (guesses) for eachigyofunction. Some models are ex-
tremely sensitive to the guess, but, in general, a lineartisol provides a sufficient approxima-
tion2 We use Sims’ 2002 gensys. malgorithm? Enter the log- or level-linear system into
I i nnodel . m guess. mcallsl i nnodel . mto solve the linear model and generate initial con-
jectures.

IRichter and Throckmortof2012 provide the Fortran and MATLAB source code, as well as thamited 32-
and 64-bit MEX functions, for each of the examples discussdie paper.

2This is not true for all models. For example, if the model @ms discrete variables, such as state dependent
parameters, then the conditional linear solution may poapiproximate the global solution. In this case, one can
obtain a linear solution for each realization of the parar(s} and a linear combination of those solutions typically
provides a good guess for the state-dependent nonlineaglmod

30ther methods include Uhlig’d097) toolkit and Klein’s 000 algorithm.
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After obtaining initial conjectures for each of the poliaynictions, set up the equilibrium sys-
tem inegm m Using the original policy function guesses or the solufimm the previous it-
eration, solve for all time variables using all of the equilibrium conditions, excepbge that
contain expectations and require numerical integratiaxtNcalculate updated (tintet- 1) values
for each of the policy variables using linear interpolatexrapolatiorf. We provide two com-
putational routines for this step—one written in MATLARI(I t er px. ) and one written in
Fortran 90 Fal | t er p*. mex*) but executed as a MATLAB executable (MEX) function. The
Fortran code is much faster, but for those who are unfanviliir MEX, the MATLAB function is
sufficient for relatively small models—those with no moraritfour state variables and only one
stochastic component. Further details about these raudireegiven in an online appendix.

After computing the updated values of each policy variabtdye for the remaining time+
1 variables needed to calculate timexpectations by applying numerical integration using the
trapezoid rule or Gauss-Hermite quadrature. Additiontlitleabout these integration methods are
provided in an online appendix. Finally, using Chris Sinmotrfinder,csol ve. m solve for the
zeros of the equations with embedded expectations, subjeetich of the remaining equilibrium
conditions. The output atsol ve. mon each node are policy values that satisfy the equilibrium
system of equations to a specified tolerance level. Thisfsetloes characterizes the updated
policy functions for the next iteration.

If the distance between the guess and the updated policgv@uess than the convergence
criterion on all nodes, then the policies have convergeteo equilibrium values. Otherwise, use
the updated policy functions as the new guess until connersye

3 EXAMPLES

We first consider two conventional models—the real busingsie (RBC) model and the new Key-
nesian (NK) model with textbook treatments providedwgCandles$2008 andWalsh(2010.

3.1 RBC MoDEL The representative household chooses sequefi6es, i+ k., i1k } 72, that
maximize expected lifetime utilityZ, Y32 8%{ci;7 /(1 — o) — xn,; /(1 + 1)}, whereg is the
subjective discount factor, /o is the intertemporal elasticity of substitution/n is the Frisch
elasticity of labor supply; is consumption, and is labor hours. These choices are constrained by

ct + kt = wny + ’I"fk’t_l + (1 — 5)]{ft_1
ky = (1—08)ki—1 + 1y,

wherew is the real wager” is the real rental price of capitak; is the capital stock, and is
investment. The household’s optimality conditions imply

1= BE{(c;/cerr)(rF +1-6)} and w, = yn/c].
Output is produced according 1o = 2k ;n; %, whered < a < 1. Productivity follows

z=(1—=p)z+pz_1+e,

4Alternatively, Chebyshev polynomials or cubic splineslddae used for interpolation/extrapolation. We typically
opt for linear methods since they are faster and more stabtaye consider alternative methodssiction 4



wherez is the average productivity level, and~ i.i.d. N(0,02). A perfectly competitive firm
chooseq k;, n;} to maximizey, — w;n, — r¥k,_,. The firm’s optimality conditions imply

rf — ayt/kt—l and Wt = (1 - a)yt/nt'

The aggregate resource constraint is givem;by i; = y,. A competitive equilibrium is given by
the household’s and firm’s optimality conditions, the praittin function, the law of motion for
capital, the aggregate resource constraint, and the pligifyprocess’

3.1.1 LVING THE MODEL The following are detailed instructions on how to setup aoldes
the nonlinear model described above.

The model contains five structural parameters. Using a gdartalibration, these parame-
ters are set t@ = 0.99 (4% real interest ratep, = 0.025, « = 0.33, 0 = 1, andn = 1. The
productivity process is persistent with= 0.95 andz = 1. Productivity shocks are normally
distributed with mean zero and standard deviatior= 0.0025. The convergence criterion
is set tol x 10710,

Given the steady state labor shaies 0.33, the deterministic steady state has a straightfor-
ward analytical solution.

This model contains two continuous state variablgs, andz,, and one continuous stochas-
tic variable g, 1, that are discretized. The bounds of the state space andhigan of points
for each state variable are contained in the strudaad inputs ogr i ds. m The capi-
tal and productivity grids are evenly spaced with boundsdh@a5% from their steady state
values. These bounds minimize extrapolation and ensurd#henodel simulates on the dis-
cretized state space. With only two state variables, we ffardalense grids. We specify 41
points for each state variablg,(; andz,;), which implies 1,681 nodes. No specific number
of grid points is required for any of the continuous statealdes (minimum 3 points), but
using more grid points on state variables that contributeéccurvature of the policy func-
tions improves accuracy. However, there is delicate bal&etween increasing the number
of grid points and keeping the problem numerically traatabl

We enter the log-linear equilibrium (8 equations) ihionnodel . mto produce initial con-
jectures to the nonlinear model.

We choose:; as a policy since it allows us to conveniently calculate timet variables, but
this choice is not unique. Givefk; 1, z;, n;}, it is easy to calculatg, from the production
function,i, from the aggregate resource constraintrom the law of motion for capital, and
¢; by combining the firm’s and household’s optimality condiscfor labor. To obtaim,,
interpolate/extrapolate for all realizationsspf ;. Given{k;, z;.1,n:11}, calculatec;,; and
¥, (from the firm's optimality condition), which enter expetitms. We use Gauss Hermite
guadrature to integrate acrass;. csol ve. msearches for labor policy values that satisfy
the consumption Euler equation by setting the residual fom mto zero.

After entering the equilibrium system eagm m executescr i pt . mto run the algorithm.
To take advantage of the speed gains associated with thikeptralbox, execute the com-
mandmat | abpool , which pools all locally available processors.

SWe also provide code to solve the canonical RBC model withelmonventional frictions—capital adjustment
costs, variable utilization rates, and external habitipsce.

5



Table 1: RBC Solution Times—MEX, Parallelization Companis(in seconds)

MATLAB MEX
Processors Structures No Structures Structures No Stesctu
1 129 (1.0) 100 (1.3) 90.5(1.4) 62.9(2.1)
2 65.6 (2.0) 52.4 (2.5) 47.1(2.7) 34.2 (3.8)
6 27.5(4.7) 23 (5.6) 20.7 (6.2) 16.6 (7.8)

* Based on a state space of 1,681 nodes (41 poinks.on 41 points orn;). We specify 10 realizations ef, ;. The
routines were computed with an Intel Xeon X5690 6-core pgeoe(3.47GHz) operating 64-bit Windows 7.

3.1.2 SLUTION TIMES The major drawback of the algorithm is its reliance on a nuedr
solver that executes on each node, which is computatioegfignsive. The introduction of multi-
core processing and Fortran via MEX reduces this compunaltisurden (setable 1. Multi-core
processing in MATLAB is easily facilitated with the Pardlleomputing Toolbox (PCT), which
creates a “worker pool” consisting of locally available geesors. Without the PCT, MATLAB
only uses one processor even though additional processovailable in most computers. In
this case, computational resources are not maximized aidredle in the discretized state space
is evaluated sequentially. The PCT allows MATLAB to evatuatultiple nodes simultaneously,
which produces near linear speed gains.

The interpolation/extrapolation step imposes the mostisognt slowdown. Our algorithm
achieves further speed gains by using a Fortran 90 MEX fandhat is executed within MAT-
LAB. For relatively small models (two or fewer state varied), full implementation using only
MATLAB routines is relatively inexpensive. For larger mdslesuch as the NK model, the benefits
of MEX clearly outweigh the costs. The two pitfalls of prognaing in Fortran are the need for
a MEX gateway function and the noninteractive nature of tiikoe The MEX gateway func-
tion initializes the function’s inputs and outputs and salther subroutines that perform the actual
task. There is a fixed cost in understanding how to initiali@agous functions with MATLAB’s
application programming interface, allocate memory, aiedte matrices and arrays that properly
interact with MATLAB. An additional cost is the inconveniemof debugging. MATLAB'’s editor
is proactive in addressing problem areas in scripts; Forg@bviously not since it is a compiled
language. Even if a Fortran function successfully compiladMEX there still may be problems
in the code that require further attention. Our Fortran fioms are written using the free-format,
which is relatively easy to learn since it is very similar toAWLAB syntax® Once the Fortran
function is compiled using MEX (which requires Intel Visuabrtran), a new MEX function is
created, which is called in MATLAB in the exact same way adthaifunctions.

MATLAB structures are a convenient way to group data—suclpaameters, steady state
values and grids—and reduce the number of inputs when gailinctions. The drawback is
that MATLAB requires more time to access values containestrimctures Thus, convenience and
simplicity are forfeited in favor of faster code by removitige values contained in the structures
before thepar f or loop.

5By default, MEX only interprets fixed-format (f77) Fortrande. Since our fortran code is written in the free-
format (f90), MATLAB batch files need to be modified. Navigébethe mexopts folder in the MATLAB directory
(e.g. ...\MATLAB\R2010a\bin\win64\mexopts), and opea batch file corresponding to the installed version of Intel
Visual Fortran (IVF) in a text editor. Delete the ‘/fixed’ flagd save the batch file. Then usex - set up to select
IVF as the compiler in MATLAB.



Table 1reports (in seconds) how the solution times differ acrosglinee modifications intro-
duced above—multi-core processing, interpolation via MBXd MATLAB structures. Employ-
ing two processors instead of the one (default) reducesdluéian time by approximately 50%
regardless of the choice to use MEX or structures. Using MEX euts the solution time in half,
which is independent of the number of processors or the useuwaftures. In both cases, adopting
structures simplifies the code, but it imposes a fixed cosbudinly 30 seconds, which decreases
with the number of processors.

The speed factor (in parentheses) represents the solumenrélative to the slowest setup.
Notice that it does not increase one-for-one with the nuneb@rocessors, which is indicative of
communication overhead. Additional processors still pe\evident speed gains, but this benefit
is limited if the code is not optimized for speed. For examptele that employs six processors
without MEX while retaining structures yields nearly thergaspeed gain as code that employs
just two processors, but uses MEX and removes the structOne=rall, using six processors with
optimized code (MEX and no structures) reduces the soltitoa by a factor of nearly 8.

There are four main reasons why we typically choose not tdampnt the entire algorithm
in Fortran. First, it maintains easily implementable cosiece MATLAB is familiar to most
economists. Second, it allows us to use readily availabl@ MM functions, such as numerical
solvers, instead of relying on the IMSL package, which ingsosn additional cost. Third, paral-
lelization is simple to implement with the PCT and does nquiree knowledge of the Fortran MPI
or OpenMP. Finally, Fortran functions with several subnoes are often tedious to debug.

3.2 New KEYNESIAN MODEL The representative household chooses sequences,
{Ctiiy s, My, keyi 152, that maximize expected lifetime utility,

00 —o 14+n 1—k
EtE:BZ{ t+i —x t+i —|—I/( t+/t+) }7 X7V>0
i=0

1—0 1+n 11—k

whereP, is the aggregate price indek/, is nominal money balances, ahdk is the interest (semi)
elasticity of money demand. Followirjxit and Stiglitz(1977), ¢, = [fol c(1)0=D/0q;)0/0=D) s a
consumption bundle composed of a continuum of differeadigfoods, wheré > 1 measures the
price elasticity of demand. The agent’s maximum attainablesumption bundle given a specific
level of expenditures yields the demand function for gaod (i) = [p:(i)/P] %c;, whereP;, =
f pi(1)'=?di]*/*~%. The household’s choices are constrained by

ce+my +i + b = (1 — 1) (wyny + rfkt—l) + (my—1 + 1—1bi—1) /e + dy
]Ct - (1 - (S)kt_l + ’it
where lower case letters denote real quantities< X;/F;). m, = P,/P,_; is the gross inflation

rate,b; is the stock of real government bondsis a proportional tax rate levied against capital and
labor earnings, and; is the share of real firm profits. Optimality implies

=(1—m)w
= (1 =1/r)e”

1= 57“tEt{(Ct/Ct+1)0/7Tt+1}~
1=BE {(c;/cis1)” (1 = my)ryy +1=6) }.

X”t Ct
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The production sector consists of monopolistically contpetintermediate goods producing
firms who produce a continuum of differentiated inputs anepaesentative final goods producing
firm. Each firmi € [0, 1] in the intermediate goods sector produces a differentigoedi, v, (7),
with identical technologies given hy (i) = k,_1(i)*n, (i) =), wherek(i) andn(i) are the levels
of capital and employment used by firim Each intermediate firm chooses capital and labor to
minimize its operating costs;k; (i) + wyn,(i), subject to its production function.

The representative final goods producing firm purchasedsrfpom intermediate goods pro-
ducing firms to produce a composite goagd, = [fol y,(4)0=D/94;19/06=1) " Maximizing prof-
its for a given level of output yields firni's demand function for intermediate inputs given by
v (1) = (p:(i)/ P,)~%y;. FollowingRotemberg1982, each firm faces a cost to adjusting its nom-
inal price level, which emphasizes the potentially negaéffect that price changes can have on
customer-firm relationships. Using the functional formreland(1997), real profits of firm; are

(M)M_% (2%_@)‘9_£<L<@'>_1)2 .

Pt Pt 2 ﬁpt_l(i) ’

wherey > 0 determines the magnitude of the adjustment cbss,real marginal costs, ardis the
steady state gross inflation rate. Each intermediate gawodisiping firm chooses their price level,
p(7), to maximize the expected discounted present value of reéitpE; >~ , ¢ xdx (i), where

G = H;f:m qx—1. IS the stochastic discount factor. In a symmetric equiliorj all intermediate
goods producing firms make the same decisions and the ofitiroahdition reduces to

Y,
%2 (@ - 1) @ = (1-0)+ 0¥, + oE, |f]t,t+1 (Wt;l - 1) Wtfl Hl} .

T T T Y

di(i) =

In the absence of costly price adjustments (ke- 0), real marginal costs equéd — 1)/6, which
is equivalent to the inverse of the firm’s markup factor.

The fiscal authority finances a constant level of discretipependingg, through proportional
taxes on capital and labor, seigniorage revenues, and bygssaominal government debt. The
government’s flow budget constraint is given by

my + by + 1(winy + Tfk‘t—l) =g+ (My—1 +1e-1bi1) /e
Following Leeper(1991), the monetary and fiscal authorities set policy according t
re = 7(m/7)? and 7, = 7(b_1/b*)" exp(ery),

wherer* andb* are the target levels of debt and inflatighand~ are parameters controlling the
policy responses to inflation and debt, and ~ i.i.d. N (0, 02).

The aggregate resource constraint is givemby i; + g = [1 — ¢(m/7 — 1)?/2]y;. Equilib-
rium is characterized by the household’s and firm’s optitpalbnditions, the government’s budget
constraint, the monetary and fiscal policy rules, and theeggde resource constraint.

3.2.1 DLVING THE MODEL The following instructions provide a complete descriptiorhow
to apply the policy function iteration algorithm to this nedd



Table 2: NK Model Solution Times(in seconds)

Processors No MEX Partial MEX All MEX

1 144.8 (1.0) 59.5(2.4) 22.6 (6.4)
2 75.6 (1.9) 31.8(4.6) 13.0(11.1)
6 28.0(5.2) 13.2(11.0) 6.1(23.7)

* Based on a state space of 2,401 nodes (7 points on each cargistate variable). We specify 10 realizations.of
The routines were computed with an Intel Xeon X5690 6-cooegssor (3.47GHz) operating 64-bit Windows 7. The
value in parenthesis represents that speed factor inciiemséhe slowest setup.

e The model contains seven structural parameters. Givenraménoalibration, these param-
eters are set t@ = 0.9615 (4% real interestrately = 1,7 = 1,k = 1, 0 = 7.66 (15%
price markup)y = 0.1, andy = 10. The monetary policy parameter—= 1.5, and the fiscal
policy parametery = 0.15, which guarantees a unique and bounded solution. Fiscalypol
shocks are normally distributed with mean zero and standievthtiono ., = 0.001.

e The preference parametersindy are pinned down by the steady state labor sitare0.33,
and the velocity of money; = 3.8. Given the steady state tax rate= 0.21, and the share
of government spending to output/y = 0.17, the remaining steady state values have a
closed-form solution.

e Notice that the set of state variables,_,, r,_:, b,_:, andk,_;, can be reduced t@,, b,_,
andk,_;, wherea;, = m;_1 + r;_1b;_1 is real government liabilities. It is also necessary to
include the fiscal policy shock; ;, in the state to solve for the timetax rate. Thus, the
minimum state in the nonlinear model consist§@f, b;_1, k;_1, e, }.

e The NK model allows less flexibility for establishing poliéynctions. The presence of
Rotemberg adjustment costs imply that inflation is a regup@icy to analytically solve for
all timet variables. We specify labor as a policy function to pin dowitpait. Additionally,
we choose capital as a policy to minimize the number of coatputs. Given these policies
and the state, all timevariables fall out naturally from the equilibrium condiis.

e Since this model contains four continuous state varialigs,too costly to specify grids
with the same density as the RBC model. We specify sevengoimeach continuous state
variable, which implies 2,401 nodes. The number of grid {®oi® subjective, but the more
dense the grid, the greater the accuracy of the solution.odefs this size, we recommend
first solving the model with relatively sparse grids and gty increasing the density of
the grids until there is no noticeable change in the poliaycfions.

3.2.2 LUTION TIMES Relative to the RBC model presentedsection 3.1the NK model
contains two features that increase computational timest,Rhere are two additional state vari-
ables. With seven grid points on each continuous stateblarithis increases the number of nodes
in the discretized state space by about 40%. Second, tret@aadditional policy functions. The
additional policy functions triple the amount of interptde/extrapolation.

Table 2reports speed test results across the number of cores araimibient of computa-
tions performed with MEX/Fortan. Once again, introducingltincore processing produces near-
linear speed gains regardless of the involvement of MEX. &gert three different levels of MEX
involvement—No MEX (none of the computations are performed using MEP&ytial MEX (only
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the interpolation/extrapolation step is performed usingXy, and All MEX (the entireegm m
function is performed using MEX). Performing the entirealthm using MEX significantly re-
duces computational time. With six corgmrtial MEX is roughly twice as fast ado MEX, but
All MEX is another 2.5 times faster.

In total, multi-core processing and MEX reduces computetidime from 144 to only 6
seconds—a speed factor of nearly 24. The reason for thdismmtiimprovement in speed gains
over the RBC model is due to ttier -loop in the interpolation/extrapolation step over two iadd
tional policies and thé or -loop required by the non-linear solveisol ve. m’

4 COMPARISON WITHALTERNATIVE SOLUTION TECHNIQUES

Policy function iteration has nice theoretical propertigst guarantee convergence to an equilib-
rium (see online appendix). This is because time iteraB@dontraction mapping. The downside
of time iteration is that it is costly from a computationargeective. Convergence can be slow
relative to other solution procedures. This section examsaiternative solution techniques.

We first solve the model using a log-linear approximatioruarbits deterministic steady state.
This method is very attractive because first-order Tayl@raximations are straightforward to
obtain, the solution to the equilibrium system is quick tonpaite, existence and unigueness con-
ditions are well established, and large models (in term&@htumber of shocks, states, and poli-
cies) do not increase the computational burden. Moreokieset properties allow for estimation
of model parameters. However, these benefits can come at@cist—inaccuracy outside of a
close neighborhood around the deterministic steady state.

Linear interpolation locally approximates the policy ftinas at each node in the discretized
state space. As an alternative to this local approximatiethod, we adopt fixed-point projection
methods, which build global approximations of the policgdtions, but still rely on a grid-based
iterative techniqueJudd(1992]. Projection methods postulate that the policies can beemras
a function of a user-specified basis, whose coefficientsmmaa the sum of squared residuals.

Given a particular set of least squares estimates (timé policy function coefficients), fixed-
point iteration uses both current and future values of tHep&unctions to back out the updated
least squares estimates. In sharp contrast, time iteratibnuses future values of the policy
function and requires a nonlinear solver for the currenicged. Moreover, fixed-point iteration
does not permit parallelization or guarantee that the gagitim system of equations is satisfied on
each iteration to a specified tolerance level.

The accuracy of global solution methods depends on the etdibasis function. Given a
chosen basis, each iteration implies new least squaresatss of the coefficients that globally
approximate the policy function. We apply fixed-point patjen methods with a monomial (FM)
and Chebyshev polynomial (FC) basis. [Henceforth, we mijsiish between methods using an
acronym where the first letter is the iteration techniquendtior fixed) and the second letter is
the approximation method (linear interpolation, Chebysbalynomial basis, monomial basis).]
Orthogonal bases, such as Chebyshev polynomials, wiltl yigbre precise results, but greater
precision comes at a greater computational cost, whiclcreasing in the order of the polynomial

"Solution times are not directly comparable across modetsuse the speed of convergence may differ. For
example, the NK model is larger in terms of the number of goéind the size of the discretized state space, but
the running time of TL is nearly identical across models. sTikibecause the RBC model takes four times as many
iterations to converge.
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used to approximate the policy functions.

Solving for the policy functions requires calculating tredue of these functions off the nodes
(i.e. interpolation between nodes and extrapolation dattiie grid), which is inaccurate when
there is curvature in the policy functions. As an alterrativ TL, we interpolate using Cheby-
shev polynomials (TC), which better captures curvaturke fixed-point projection methods, this
alternative provides a better approximation of the poligydtion off the grid, but at a higher com-
putational cost.

4.1 LEAST SQUARES PROJECTION The following algorithm implements the fixed-point least
squares projection method, given a specified basis. The Isasvaluated at a particular state and
forms the dependent variables used to obtain the leastesjgatimates. LeX denote the basis
evaluated using the original discretized state spaceXarnbe basis evaluated at the timstate.

We obtain an approximation of the policy functiors, (an M-by-p matrix wherel/ is the
number of nodes anglthe number of policy functions), using the least-squarémeses;. & We
usel, to calculate the state variablestawhich formsX;. At+1 is a function ofX, and is used to
calculate the + 1 variables necessary to evaluate the terms within the eap@ctoperators. The
expectations are evaluated using Gauss-Hermite quaératur

Once the expectations are evaluated, we calculatas implied by the equilibrium system
of equations. Given\;, new estimates of the coefficients are obtained using tret kspuares
estimator,n,. The algorithm iterates on these estimates. Since thisadatiinimizes the sum
of the squared residuals, the approximation error of theep&linctions is minimized for a given
basis. The least-squares estimates of the coefficientspaie@ed using a convex combination of
the old and new estimate,.; = Ay + (1 — A\)7, for A € [0, 1], which helps maintain stability,
especially at the beginning of the algorithm. This iterafiwvocess continues until, — 7| reaches
a pre-specified tolerance criterion.

4.1.1 MoNOMIAL BAasis Following Heer and MaussngR005, we choose the set of mono-
mials corresponding to am” order Taylor approximation of the policy function. The seébasis
functions is given by

732:{ Zk‘—],k>0] 0,1,... },

wheres is the number of state variables. The monomials are evalw@teach of thé/ nodes in
the discretized state-space and stored column-wisé.ifThe approximated policy functions are
given by A, = X7,. New estimates of the coefficients are obtained every i@ratsing the least
squares estimatof, = (X' X) 1 X'A,.

4.1.2 (HEBYSHEV POLYNOMIAL BAsSIS As an alternative to the monomial basis, we ap-
proximate the policy functions using a Chebyshev polyndiésis. The first two Chebyshev
polynomials are€l(z) = 1 and7i(x) = z. The remaining polynomials are given by the re-
cursive formulation,l(x) = 227;_4(x) — T;_o(z), for j > 2. We use the MATLAB function
ChebyshevCoef f . m written by David Terr, to obtain the coefficients for eaclypomial. The

8\We obtain the initial least-squares estimates from thdiloggr solution.

11



MATLAB function chebpol y. moutputs these coefficients and the corresponding powers of
which allows us to construct the polynomials with elemeyiebement matrix operations.

chebpol y. malso outputs the corresponding zeros of the Chebyshev paiats. Discretiz-
ing the state-space so the nodes coincide with the zero® @iadlynomials minimizes the error of
the approximating function. The zeros of the Chebyshevrpwtyials are given by

_ (2]@ —1 )
Ty, = COS ™),
Zmi

wherek; = 1,...,m; andi = 1, ..., s. Choosen, as the number of points in th#& dimension of
the state space. Sineg, € [—1, 1], transform the grid to the interval,;, b;] by applying

Ty, (bi — a;
s o= Iulbiza)
' 2
The next step is to estimate the least squares coefficiethe eipproxmatlng function.
Define A, 1. as the value of the approximating functlcmgzkl, oy 2k, ). We seeky;, .

that minimizes
mi ms ni s
ST Mk = > M T (@) - Ty (2,
ki=1  ks=1 J1=0  js=0

for n; < m;. This yields the least-squares estimator

. 1+1(j: >0 1+1 s >0)
Tjseds = G ) : U Z ZAkl, e Tjy (T ) - T, (T, )

m m
1 s ki=1  ke=1

and is the output of the MEX functioichebwei ght s*x. The approximating function is evalu-
ated in the MEX functiorFal | cheb* according to

/A\ (z1,...,2 Z anh s Ly (71) Tjs(xs),

Jj1=0 Js=0

Whel’exi = 2(22 — CLZ)/(bZ — CLZ') — 1.

4.2 BULER EQUATION ERRORS Figure 1compares errors for the consumption Euler equation
across the log-linear, TL, TC, FM and FC solution methods: dase of presentation, we show
absolute errors in base 10 logarithms. This means that iEthler equation error is-4, the
household makes an error of one consumption good for eve®@Q@inits of consumption goods.

The log-linear method (circle markers) is the least aceurd&M (dashed line) relies on an
arbitrarily-specified basis and is the least computatigmalensive global approximation method.
To capture nonlinearities in the policy functions, we wtite approximating functions @s= X1,
whereA = ¢; is the sole policy functionX = [1 k z kz k* z?] is a collection of basis functions,
andn is a6 x 1 matrix of coefficients. We find that this method is as much as two orders of
magnitude more accurate than the log-linear method.

%We considered several alternative collections of basistfans with higher-order terms, but found that they had
little effect on the magnitude of the errors.
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Figure 1: RBC model consumption Euler equation errors irelddslogarithms. FM: Fixed point iteration with a
monomial basis, TL: Time iteration with linear interpotati FC: Fixed point iteration with a Chebyshev polynomial
basis, TC: Time iteration with a Chebyshev polynomial hab@ is based on a 4th order Chebyshev polynomial.

Like the log-linear method, TL (solid line) solves fotaal approximation of the policy func-
tions. Thus, the errors can meet any user-specified tolerarterion on each node, but lose
accuracy when policy function values are interpolated betwnodes or extrapolated outside the
state space. The key difference from the log-linear methadklat TL outperforms FM off the grid
for the productivity shock, improving the accuracy of thesomption Euler equation by as much
as two orders of magnitude. FC and TC are even more accueatd th Regardless of the iteration
technique, using Chebyshev polynomials to approximateatiey functions consistently satisfies
the consumption Euler equation given any user-specifiedante level—both on and off the grid.
However, this result is sensitive to the order of the polyramrhe errors irfigure lare based
on a 4th-order Chebyshev polynomial. We have found thatnmotyals of third-order or smaller
significantly reduce accuracy, but higher order polynosally marginally improve accuracy.

The NK model contains five state variables—Ilagged real debt,money balances, the nomi-
nal interest rate, capital, and the fiscal policy shock—dunele policy functions—Ilabor, inflation,
and capital. We report errors for the consumption Euler gguathe firm pricing equation, and
the bond Euler equation. For ease of presentation, weaestit attention to errors as a function
of capital and the fiscal policy shoék.Although this model is more complicated than the RBC
model, the ordering of the Euler equation errors remainsanged. Off the grid, TL consistently
performs two orders of magnitude better than log-linearhma@$. TC and FC further increases
accuracy, reducing Euler equation errors by an additiamalarders of magnitude.

4.3 SPEeD COMPARISONS Table 3reports solution times for the RBC and NK models across
the alternative solution methods. Linear methods are fabeasy to apply, and there are numerous
toolboxes for obtaining solutions. However, these mettawddess accurate and unable to handle
intrinsic nonlinearities or capture potentially importaxpectational effects (for example, models
with Markov-switching policy parameters or binding coagtis.)

Figures 1and?2 indicate that TC and FC offer a clear increase in accuracyniash as two
orders of magnitude), buaible 3shows that greater accuracy comes at the expense of a greater
computational burden in terms of running time and impleragon. Chebyshev interpolation is

0Alternative state variables do not impact the ordering ef Buler equation errors. We decided not to average
across the linear state to obtain a better comparison betthedinear and nonlinear solution techniques.
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Figure 2: NK model Euler equation errors in base 10 logarithFM: Fixed point iteration with a monomial basis,
TL: Time iteration with linear interpolation, FC: Fixed mtiiteration with a Chebyshev polynomial basis, TC: Time
iteration with a Chebyshev polynomial basis. TC is based 4th@rder Chebyshev polynomial.

more intensive than linear interpolation, which MEX all#és. The MEX implementation of FC
is relatively quick and is four orders of magnitude more aataithan FM, but the speeds of both
FC and TC relative to TL exponentially decrease for largedet® and higher order Chebyshev
polynomials. For the RBC and NK models, fixed-point is fastem time iteration. However,
fixed-point solution times depend on the policy function atedweight \. These simple models
permit A = 1, but complex models may require a loweto maintain stability of the algorithm.
Time-iteration algorithms do not suffer from this instatyilsince the nonlinear solver minimizes
error each iteration. Our findings suggest that TL providieskest balance between speed and
accuracy, offering a 41 percent (63 percent) speed dechessd C in the RBC (NK) model with

a modest reduction in accuracy. TL is also more robust ttsaliernatives, since it is stable in
every macroeconomic model and calibration we have tested.
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Table 3: Solution Times—Alternative Solution Methods Camigori (in seconds)

RBC NK
Method MATLAB MEX MATLAB MEX
FM 0.5 N/A 0.9 N/A
FC 27.2 6.5 302.0 31.2
TL 27.3 20.6 37.8 22.5
TC 45.9 23.9 508.2 60.8

* The RBC solution is based on a state space of 1,681 nodes (@t pmk,_1, 41 points onz;). We specify 10
realizations ofz; ;. The NK solution is based on a state space of 2,401 nodes (fspmia; 1, b1, ki1, and
e-t). We specify 10 realizations ef. ;1 ;. Speed tests for FC and TC are based on a 4th order Chebydgaomadal

and an update parametey) (equal to 1. The routines were computed with an Intel Xeon9b66-core processor
(3.47GHz) operating 64-bit Windows 7. All 6 locally availakprocessors were used in every speed test. FM: Fixed
point iteration with a monomial basis, TL: Time iterationtiviinear interpolation, FC: Fixed point iteration with a
Chebyshev polynomial basis, TC: Time iteration with a Cleftey polynomial basis.

Table 4: RBC model Consumption Euler Equation Error Integilaximumsy

Capital Productivity
FM -8.4 (-4.9) -8.7 (-5.1)
TL -8.0(-5.2) -8.8(-5.1)
Log-linear -7.2(-3.8) -8.4 (-3.2)
FC -10.3(-8.2) -11.3(-7.9)
TC -10.5(-8.2) -11.3(-7.9)

* Values in base 10 logarithms. FM: Fixed point iteration wattmonomial basis, TL: Time iteration with linear
interpolation, FC: Fixed point iteration with a Chebyshalymomial basis, TC: Time iteration with a Chebyshev
polynomial basis. FC and TC are based on a 4th order Chebysiyavomial.

4.4 MAX RESIDUAL AND EULER EQUATION ERRORSINTEGRAL Following Aruoba et al.
(2006, intables 4and5 we provide the integral of the Euler equation errors and maxn residual
for each solution method. These statistics provide complgary measures of accuracy and are
defined over a square that4s 0 percent on either side of steady state capital and prodycior

the RBC model and-5 percent on either side of steady state capital and the tackshothe NK
model. We simulate each model for 100,000 periods from d@sleistic steady state and create a
distribution by counting the number of realizations in dyespaced intervals and dividing by the
length of the simulation.

The maximum Euler equation errors correspond to the lamgyests plotted irfigures land
2. Once again, we report base 10 logarithms of the errors. eTéwer two distinct groups. Listed
from least to most accurate, the log-linear method, FM, antidve the largest errors. FC and TC
perform equally well and provide a clear improvement in aacy.

The integrals take into consideration the frequency at wthe errors occur and provide mea-
sures of the welfare loss associated with a particular isolumethod. Compared to the maximum
residual, the relative accuracy of the various methods doeshange. These integrals highlight
a smaller difference in accuracy between TL and FM along itnellated path than suggested by
the maximum error over the entire interval. However, FC a@dsiill show a clear comparative
advantage in accuracy with at least a 4th order Chebyshgnpalial.
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Table 5: NK Model Euler Equation Error Integrals (Maximurns)

Capital Tax Shock
Method Capital FOC Firm Pricing Bond FOC Capital FOC Firncing Bond FOC
FM -9.5 (-5.0) -8.4 (-3.9) -9.8(-5.1) -9.4 (-5.3) -8.3(-%.5 -9.6 (-5.3)
TL -14.1 (-5.7) -14.0 (-4.8) -14.1 (-5.4) -11.1(-7.9) -8:8.0) -10.5 (-7.3)
Log-linear -11.4 (-3.5) -10.2(-2.2) -10.7 (-3.4) -11.0.ex0 -9.6 (-3.7) -10.6 (-5.0)
FC -12.4 (-8.0) -11.4 (-7.0) -12.4 (-8.2) -12.2 (-9.4) -1¢24) -12.3(-9.4)
TC -13.0 (-8.0) -12.1(-7.0) -14.8 (-8.2) -12.8(-9.8) -11:8.7) -14.1(-10.1)

* Values in base 10 logarithms. FM: Fixed point iteration wattmonomial basis, TL: Time iteration with linear
interpolation, FC: Fixed point iteration with a Chebyshalymomial basis, TC: Time iteration with a Chebyshev
polynomial basis. FC and TC are based on a 4th order Chebysiyavomial.

5 NEw KEYNESIAN MODEL WITH RECURSIVEPREFERENCES

This section considers a cashless version of the NK modkolatiin sectiorsection 3.2but where
households have preferences that distinguish betweeavéskion and intertemporal substitution.
This demonstrates the flexibility of policy function ite@at and also shows how easily our algo-
rithm can be adapted to fit a specific model. Follow@Bigvannini and Wei(1989 andEpstein
and Zin(1989 1991, we adopt a recursive structure for intertemporal utiljiyen by

- _ _ x/(1=n)
Ulur, BULT) = {(1= B)u ™ + BEUL 1)

wheren determines relative risk aversion, is the elasticity of intertemporal substitution, and
x = (1 —n)/[1 — o~!]. Time+ utility is given by

ug = uley,ng) = c/(1—ny)' ™, ve(0,1). 2)
The household’s choices are constrained by

Ct -+ it + bt = (1 — Tt)(wmt + ’T’fkt_l) + Tt—lbt—l/ﬂ-t -+ dt (3)
kt — (1 - 6)kt_1 + it' (4)

Given prices, the representative household chooses arssgjoé quantities{c,, n;, By, k:}, to
maximize () subject to 2)-(4). Optimality yields the following first order conditions

1—v ¢

1— —
(1= 7e)wr v 1-—mn;

1 =rE{Quit1/mt1},
1= E{Qti1[(1— 7't+1)7’:/tk+1 + (1 =9)]},

where the stochastic discount fact@r, is given by

1— 1-1
- 1-n X
0 — 3 (Ut+1) G Via
tt+l = — -
Ut Ct+1 Etv;ﬂ?7

16




and, at optimum, the value function can be written

_ _ x/(1—n)
Vo= {1 =Bl 4 glEVEA YT

Whenn = 1/0, the value function}, disappears from the first order conditions. Moreover, the
constant of relative risk aversiom,only alters the dynamics of higher order approximatiomses

to a first-order, the terrﬁl/'ti‘ln/EtI/ﬁ:l”)l—l/X cancels out in expectation. The firm’s problem and
the policy specification are identical section 3.2

The model contains four state variables—Ilagged real debtnbminal interest rate, capital,
and the fiscal policy shock—and four policy functions—Ighaflation, capital, and the time-
value of the optimal value functiorfigure 3reports errors for the consumption Euler equation,
the bond Euler equation, the firm pricing equation, and theshbold’s optimal value function.
Once again, we restrict our attention to errors as a funafaapital and the fiscal policy shock
and report them in base 10 logarithms.

Outside of a close neighborhood of steady state, the l@gtimethod continues to perform at
least two orders of magnitude worse than its nearest narlic@npetitor. However, the accuracy
of the FM solution technique increases relative to the caxabNK model, performing equally as
well as the TL solution method. TC and FC remain the most ateurmproving accuracy by an
additional two orders of magnitude over FM and TL.

6 NEW KEYNESIAN MODEL WITH REGIME SWITCHING

This section adds monetary and fiscal policy switching tocironical NK model, but where the
fiscal authority only has access to lump-sum taxes to isthatexpectational effects of switching
regimes. The monetary and tax rules are

Ty = f(ﬂt/ﬂ*)¢(st) exp(ere)
Tt = f(bt_l/b*)ﬂ)/(st) eXp(€7-7t),
wheres, = {1, 2} and the regime-dependent reaction coefficients are given by

o fors;=1, )y forsi=1,
¢(St)_{0 for s, = 2, V(si) = 0 fors, =2.

The policy mix evolves according to a first-order two-statarkbv chain given by

Pr[s; = 1|s;_1 = 1] Pr[s; = 2|s;_1 = 1] _ [P pr
Pr[s; = 2|s;—1 = 1] Pr[s; = 2|s;—1 = 2] Pa1 Paal|

Following Leepen(1991), we label state 1 as active monetary and passive fiscal (RMiBlicy
and state 2 as passive monetary and active fiscal (PM/ARypoli

6.1 SOLUTION TECHNIQUE AND EULER EQUATION ERRORS The two policy regimes imply
very different linear solutions. Thus, using only one oflihear solutions does not provide a good
initial conjecture for both policy states. Instead, we udsear combination of the two linear
solutions with weights equal to the transition probal@ktio form a guess for the full nonlinear
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Figure 3: NK model with recursive preferences Euler equegigors in base 10 logarithms. FM: Fixed point iteration
with a monomial basis, TL: Time iteration with linear intetation, FC: Fixed point iteration with a Chebyshev
polynomial basis, TC: Time iteration with a Chebyshev polyral basis.

model. We have found that this is the best approach becaagpibximates the expectational
effect of switching between regimes.

We interpolate/extrapolate for every permutation of theeditized continuous stochastic vari-
ablese,, ande, ;. We facilitate this with a nested loop &l | t er p* that outputs a matrix of all
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Figure 4: NK model with regime switching in the policy paraers consumption Euler equation errors in base 10
logarithms. TL: Time iteration with linear interpolationC: Time iteration with a Chebyshev polynomial basis, TM:
Time iteration with a monomial basis. TC is based on a 4thro@iebyshev polynomial ang; = pss = 0.8.

possible realizations of the policy variables at titie 1, where the rows correspond to the values
of e and the columns correspond to the values,of

To evaluate expectations, we perform numerical integnaiging a two-step process that first
applies the Trapezoid rule to each continuous stochagiihbla and subsequently applies Markov-
Chain integration to the discrete stochastic variable.nfegrate across the continuous stochastic
variables, first replicate the vector of, weights across the: realizations ofz,, to create an
n x m weighting matrix. Then weight each expectation and appdyTitapezoid rule across the
e, .~dimension (the rows) to collapse each expectation to sovedtrealizations. Finally, weight
each of these outcomes using thg weights and once again apply the Trapezoid rule. This
step produces expectations conditional on the realizatidrihe discrete stochastic variable,

To integrate across each of these outcomes, simply weigiht eanditional expectation by its
likelihood and sum across all realizations.

Figure 4compares the accuracy of the TM, TL, and TC solutions to the Kleynesian model
with switching in the policy parametets. We specifyp;; = py; = 0.8. We plot the residuals
for the AM/PF (s, = 1) and PM/AF ; = 2) regimes, which are roughly the same. With a 4th-
order polynomial, TC is less accurate than TL. This is in pl@ntrast with our findings in the
non-switching NK model, where Chebyshev interpolatioroissistently more accurate than linear

\We only provide the consumption Euler equation errors,esthe firm pricing and bond Euler equation errors
imply the same qualitative results. The other errrors aaflaie from the authors upon request.
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Figure 5: Policy functions for the NK model with regime swhitieg in the policy parameters, based on a time itera-
tion/linear interpolation technique (TL). measures the average duration of time spent in the activetagiipassive
tax regime (AM/PFs; = 1) in the ergodic distribution.

interpolation. Chebyshev interpolation is a global method cannot capture the discontinuity as
well as linear interpolation, which is a local method.

6.2 EXPECTATIONAL EFFECTS The effect of monetary and fiscal policy shocks is dependent
on the probabilities in the transition matrix. The averageation of time spent in the active
monetary/passive tax regime (AM/R¥,= 1) in the ergodic distribution is given by

L —px
=2
— P11 — P22

Figure 5shows how the policy functions in the AM/PF regime changé@eclines, which demon-
strates the nonlinearities that the TL solution methodwast In the passive monetary/active fiscal
regime (PM/AFs, = 2), atax shock elicits no response from the fiscal authoritythe price level
adjusts to stabilize debt. Wheén= 1, there is no chance of moving to the PM/AF regime. Thus,
Ricardian equivalence holds and shocks to taxes have nct effiethe policies. As the expected
duration of time spent in the PM/AF regime rises, negatixestaocks increase inflation, which,
with costly price adjustments, lowers output and consuompti

TL is particularly attractive for solving models with digte random variables. Afigure 5
illustrates, this method captures the curvature in theepdlinctions, even with linear interpolation.
Spectral methods increase accuracy, but rely on smootim#ésspolicy functions and are far less
stable and less accurate when applied to models with regmitehing. We were unable to achieve
convergence using TC wheén< 0.5 or when the polynomial order exceeds 4.

7 ZEROLOWERBOUND ON THENOMINAL INTERESTRATE

This section explains how the solution procedure changeswime economy faces a zero lower
bound (ZLB) on the nominal interest rate (henceforth, th&algorithm). We augment the simple
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Taylor rule in the New Keyesian model to include an automstiidilizer component, and given
the inequality constraint on the interest rate, the moggdalicy rule becomes

re = max(1, 7(m/m*)°" (y/5)™).

To simplify the analysis, we assume the economy is at itsleastimit and that the government
balances its budget each period by levying lump-sum taxasefgment debt is in zero net supply).
The economy is subject to preference and productivity shiodke preference shock propagates
through the discount factor and productivity augments potidn. They evolve according to

Brr1 = B(Bi/B)"? exp(ep),

a1 = a(a;/a)’ exp(e,),

wheres, ~ N(0,02), z € {3, a}.

7.1 BASIC SOLUTION TECHNIQUE The ZLB algorithm combines both time and fixed-point
iteration techniques. The policy functions for the NK medédbor, inflation, and capital—are
updated in two steps. The first step follows the time iterapoocedure described section 2
without imposing the ZLB. This step obtains an optimal inflatrate corresponding to the current
guess for the policy functions. The second step imposes liBeahid uses the Euler equations
to calculate implied values for labor and capital. This tstep approach is appealing for the
following reasons. First, the time iteration step mairgastability of the algorithm since it solves
for an inflation rate that minimizes the Euler equations gitlee current guess for the policy
functions. Second, fixed-point iteration can handle an siocally binding constraint, whereas
time iteration cannot since it depends on a Newton-Raphslvers Finally, combining the two
techniques is a straightforward extension to solving theehwithout the ZLB.

7.2 SOLVING THE MODEL The following are detailed instructions on how to setup avlsles
the canonical NK model with a ZLB that occasionally binds.

e The deep parameters are identicatextion 3.2.with the exception of the preference pa-
rameter,5 = 0.99 (1% real interest rate). The productivity and discount @atesses are
semi-persistent with autoregressive coefficiepis= psz = 0.6. The shocks are normally
distributed with mean zero and standard deviations- 0.01 andog = 0.005. The mone-
tary authority response coefficients, and¢,, are set to 1.5 and 0.6. We normalize steady
state output to 1 and solve for the implied steady state mtodty level.

e Both the linear and nonlinear models contain a unique setaté yariables—capital, pro-
ductivity, and the preference parameter. We discretizé state variable with 21 points,
which implies a total of 9,261 nodes. Once again, the numbgrid points is subjective,
but given the curvature of the policy functions, denser gade necessary. There is also
flexibility when choosing the policy functions. We specifgligies over inflation (required),
labor, and capital.

e We obtain initial conjectures of the policy functions fronetsolution to the nonlinear model
where the ZLB doesot bind. Although this solution implies negative nominal nest rates
on some of the nodes and does not make sense economicadifyessas a good guess for
the ZLB algorithm.
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e To solve the model with a binding ZLB, we use a two-step predesupdate the policy
functions. First, use time iteration to solve for the polfapction values that minimize the
Euler equation errors to the equilibrium system withoutasipg the ZLB. Unlike the fixed-
point algorithm, the time iteration algorithm does not assuhe current policy functions are
true at timet, and instead minimizes the Euler equation errors using bear solver, which
improves stability. Without imposing the ZLB, this procedwpdates the policy functions
on every node even if the interest rate implied by the Taylt# is less than one.

Second, determine where the interest rate binds, givengtmal policy functions calcu-
lated in the first step. Calculate the interest rate from thB Zaylor rule on each node.
Output is a function of the discretized productivity and italpstate variables and the up-
dated labor policy function from the time iteration step.eThterest rate is a function of
the updated inflation policy function and output. If the ZLBednot bind, use the optimal
policy functions from the first step as a guess on those naadscaonvergence. If the ZLB
binds, set; = 1 and update the policy functions using fixed-point iteratiotback out the
implied values of labor and capital from the Euler equatioMore specifically, we first
use the optimal inflation policy function values from the éinteration step and labor and
capital policy function values from the previous iterationupdate the state variables and
interpolate. Then we evaluate expectations and use the Eglations to update the labor
and capital policy functions where the ZLB binds. To faeilé this process, we created a
new function callegpf _up. m but all other functions remain the same.

e Each iteration the policy functions are updated as a lineantxnation of old and new values
using the update weight, to improve stability of the algorithm. We specily= 0.2. Con-
tinue this two step process until the policy functions megpecified convergence criterion
on every node—those where the ZLB binds and does not bind.

7.3 ZLB ResuLTs To study the consequences of interest rates at their zerr loaund, it is
important that the ZLB binds on some the nodes in the statespagure 6shows the productivity-
discount rate cross-section of the state space where thebfid®. We fix capital at 4.5% above
steady state to concentrate on a region of the state space tieeZLB occasionally binds and
there is curvature in the policy functions. We report thesgans for the TL and TC solutions
methods. Both higher productivity and more patient houklEhimcrease output and drive the
nominal interest rate to its ZLB. Given our discretizedeigtace and model calibration, the ZLB
binds on roughly 7% of the nodes for TL and roughly 10.6% ofrtbdes for TC. Wider bounds
on any of the state variables will increase this percentage.

Figure 7reports errors for the consumption Euler equation, firmipgequation, and bond
Euler equation, as a function of the capital, productivatyd the discount rate states in base 10
logarithms. To report errors for a region of the state spaoereithe ZLB occasionally binds, each
state not represented on the horizontal axis is fixed at 4%eedteady state. Similar 8ection 6.1
TL outperforms TC with a 3rd order polynomial, but both metbare less accurate when the ZLB
binds (asterisks mark nodes where the ZLB binds). A highdero€hebyshev polynomial may
achieve a more accurate solution, but there is a tradeoffdset accuracy and stability. We were
unable to achieve stability with a Chebyshev polynomiako@bove 3 on all state variables.

Figure 8shows the consumption and labor policy functions obtaimechfthe TL solution
method. Once again, we fix capital at 4.5% above steady stdttha nodes where the state space
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Figure 6: Productivity-discount rate cross-section ofstate space where capital is 4.5% above steady state.

binds are marked by asterisks. The inequality constrathtéas significant curvature in the policy
functions that does not exist in other NK models, even whey ttontain real frictions. At the

ZLB, households save more than they otherwise would hawe shre interest rate is higher than
the one implied by the optimal inflation rate, which indudssm to work more and consume less.

8 CONCLUSION

Policy function iteration has long been known as a relialdg ¥o solve dynamic models nonlin-
early. Itis particularly useful for studying the economimsequences of a wide variety of potential
policy outcomes. Despite its considerable benefits, tiggrdahm suffers from several drawbacks.
The most prohibitive feature of this algorithm is its reli@non a grid-based technique, which
exponentially increases the size of the problem with the memof state variables. Perturbation
solution methods are far less computationally expensidesa@ more appropriate for models that
do not contain recurring regime change or equilibrium p#tasdeviate far from the deterministic
steady state. Another concern is whether this solution atetionsistently satisfies transversality
conditions, since it only iterates on the policy functiomsldas no formal mechanism for impos-
ing these restrictions. As a safeguard, however, it is easynulate a model for thousands of
periods and check that its average asset levels (e.g. Gdyuitals etc.) are convergent. Moreover,
simulated paths in models that explicitly violate the trarsality condition will typically diverge
even if the algorithm converges. Although these exercisesal provide proof, they do provide
reasonable confidence that transversaility conditionsraae Lastly, in complicated models that
include several policy regimes, it is often difficult to ointénitial conjectures that lead to conver-
gence. In these cases, the best approach is to use the loheg@orss to obtain nonlinear guesses
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for each policy regime and weight them according to theimgition probabilities.

Any numerical algorithm imposes direct costs onto the pogner. We reduce the costs as-
sociated with policy function iteration by providing a usgendly suite of MATLAB functions
that introduce multi-core processing and Fortran via MAB$\executable function. We apply
the algorithm to conventional RBC and NK models and cargfddcument how to chose policy
functions, discretize the state space, interpolate/patate future values, and perform numerical
integration. The use of multi-core processing alongsid@miped code that takes advantage of
Fortran’s comparative advantage at evaluating loops deesesolutions times by a factor of 8 in
the RBC model and a factor of 24 in the NK model. Moreover, carmg time iteration with lin-
ear interpolation to alternative solution techniques destrates it is accurate and able to capture
important nonlinearities.
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A ONLINE APPENDIX(NOT FORPUBLICATION)

A.1 BRIEF REVIEW OF THE THEORY This section briefly reviews the theory behind monotone
operators as applied to DSGE models, using the resul&eénwood and Huffmafl995 (GH,
hereafter). We do not convey any new theoretical resultsibytly demonstrate how the monotone
map can be used to prove existence and uniqueness of arbequili We follow GH closely
because they proved existence of equilibrium in a very géremtup. Moreover, as advocated
by Datta et al.(2002, Datta et al.(2005, Mirman et al.(2008, the theoretical properties of the
monotone map can be extended to more complex setups. Proefgstence using monotone
operators are constructive in the sense that the numetgaiitam is a byproduct of the proof,
which only adds to the appeal of the policy function iteratadgorithm.

A.1.1 EcoNOMIC ENVIRONMENT The economic environmentis standard. The model consists
of a continuum of measure one identical agents with preteen

Eqy Li:; 5tU(Ct)} :

where the momentary utility function is assumed to be $yrictcreasing, strictly concave and
twice differentiable, with/’(0) = co. The production technology is given by

Yt = F<kt7Kt7nt)7

where outputy;, is produced with the individual agent’s capital stogk, the aggregate capital
stock, K;, and is subject to a random technology shogk,The technology shock is assumed to
be drawn from a Markov distribution functio6(7;1|7;), with bounded support. The production
function is assumed to satisfy the Inada conditidins; . F; (K, K,n) = oo, be strictly increas-
ing and strictly concave in its first argument, and twiceeat#itiable in its first two arguments.
Moreover, GH also impose the following somewhat nonstathdasumptions:

1. 3K > F(K,K,n) < K
2. VKG(O,K], Fl(K,K,n)+F2(K,K,77)ZO and Fll(K,K,n)+F21(K,K,n)<O

Assumption 1 places an upper bound on the level of outputupsion 2 requires that the sum of
the marginal products of the individual and aggregate ahpitck be positive (along the equilib-
rium pathk = K). As noted by GH, these assumptions are innocuous and ho&viade range
of economies.

The agent’s dynamic programming problem is given by

V(k, K,n) = max {U(F(k, K,n) = K) + 5 / V(KK n’)dG(n’ln)} (5)
where aggregate capitdt;, has the following law of motiok” = Q (K, ). Let the optimal policy
function associated withbf be given byt’ = ¢(k, K, n). By standard arguments, one can derive
the corresponding Euler equation

U'(F(k, K, q) — K) = 5 / U(F(K, K of) — K'Y (K K )G (o )
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A stationary equilibrium is a pair of functions, = ¢(k, K,n) and K’ = Q(k, n), that satisfy
optimality (i.e., solvesg)) and consistency;( K, K,n) = Q(K,n). We are now able to state the
main proposition of GH.

Proposition 1 (GH, pg. 615) There exists a nontrivial stationary equilibrium for the economy
described above.

The method of proof in GH follows that of Colemal®@1) and is our primary interest because
it uses Euler equation iteration and properties of monotpezators. For these reasons we repeat
the proof here. Let the sequence of aggregate laws of mdtidh,K, ) 22, evolve according to
H°(K,n) =0, and letH’ ™ (K,n) for j > 0 be defined as the solution forin the Euler equation

U'(F(K, K.n) - ) = / U'(F(z,2.1f) — B (e, 1) Fi (.2, )AG( ). (6)

(6) defines a sequential operator mappiidginto H’*!. GH show that the left-hand side d)(
is strictly increasing inz, while the right-hand side is strictly decreasingzif?> This monotonic
mapping along with assumptions 1 and 2 imply the existeneeswailution to §).

The intuition behind the result is straightforward: the weuce{H’(K,n)}52, produces a
monotonically increasing sequence for the aggregateatagitck, which is bounded above by
K. GH prove that the pointwise limit of this sequence of fuoit is the aggregate policy func-
tion lim; ., H?(K,n) = Q(K,n) and that the aggregate law of motion is nondegeneratedi.e.,
degenerate law of motion is one that satistid<, n) = F(K, K, n) for all K andn).

This mapping serves as the basis for numerical algorithetaidsed in this paper, among many
others [Colemanl1(991); Baxter(1991); Baxter et al(1990; Davig (2004); Davig et al.(2010; Bi
(2011)]. While the purpose of this paper is to provide resourcesdaoice the cost of implementing
the computational algorithm down, the theoretical aspetii@monotone map is very appealing.

A.2 LINEAR INTERPOLATION/EXTRAPOLATION To get an idea of how linear interpolation
and extrapolation works, consider the following examplthwivo state variables;; andxz,. The
nearest perimeter around the poi@t;, z,), is formed by the four point§e, ;, z2;), (€14, T2i41),
(21,441, T2), and(z141, 22,411), Whereid signifies the position on the grid. We want the policy
function value,f (2}, «}), but we only have policy function values for the four neafasints on
the grid (off the grid, we extrapolate using the nearest fmints that form a square on the edge
of the state space). First, holding fixed, interpolate/exptrapolate in the direction to obtain

f($1,z'+1, $2,i) - f($1,z'7 $2,z')

L1i+1 — L1

f(xluxz,z‘) = f(x1,,02,) + (le — T1;)

/
Ty — L1

/
Tii41 — X
== 1 f(@1,,20,) + ——————f(T1,i41, 22;) (7)
T1i41 — L1 T1i41 — L1,
/ /
Tii41 — X Ty — Ty
f(xlp 932,¢+1) == 1 f(xl,iaxZ,H—l) + —1 f(xl,i—i—la $2,i+1)- (8)
T1i+1 — L1y T1i+1 — L1
S———— ———

wi,i W1,i4+1

2In order to prove the right-hand side is strictly decreasthg additional assumption, < 0H’ (K, n)/0K <
[Fi (K, K,n) + F2(K, K,n)], needs to be imposed.
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Then interpolate/exptrapolate in the direction to obtain

)f(x’l, Toi11) — f(7), 724)

@, ah) = fla), wa,) + (v — 22,
Toi+1 — L2

T2i+1 —xé f( /

= T, 9) + ————— f(2), T2441). 9
T2i+1 — T2 T2i+1 — L2
—_———— —_————
w2,i W2 i+1

Combining {7), (8) and Q) yields

(2, xh) = wo; (Wi, f (214, T2) + wiitr f(T1,41, T24))
+ wo i1 (Wi f (@1, Toiv1) + Wit [ (21,41, T2,i41))
= wl,iWZ,if(xl,h $2,z') + Wl,i+1W2,if<x1,i+17 $2,z')

+ wiiwait1 f (%14, Tai41) + Wiir1wei1 f(T1i41, Toit1)

1 1
= E E Wity W2,it o f (T1itgns D244, ) »

J1=0 j2=0

which can be easily extended to any number of state varialesassume that the points for any
one dimension in the state space are uniformly spaced, vdmcplifies evaluation of the policy
functions. If unevenly spaced nodes are desired, Badrl t er px must be modified to correctly
locate the nearest nodes.

A.3 INTEGRATION A model with both continuous and discrete stochastic véestequires two
types of numerical integration. For continuous stochastr@bles we apply either the Trapezoid
rule or Gauss-Hermite quadrature, and for discrete randamahles we use the corresponding
transition matrix to weight each outcome by its likelihood.

A.3.1 TRAPEzOID RULE Suppose there are realizations of the stochastic componentin

the process for some continuous variableSince these realizations show up in agents’ expec-
tations, we perform numerical integration to average acesch of thesen realizations. The
trapezoid rule is one method of numerical integration. Asisig uniformly spaced realizations of
g, the formula for the trapezoid rule is given by

Ei[®(-, 211)] ~ Pr(e1)®(:, z¢41(21)) +2Pr(52)(q>(.’ zi41(€2)))

4 Pr(e2)®(, 2141 (e2)) 42r Pr(es)(, 2e41(e3))

4 PrEm—)®(, 21 (Em—1)) + Pr(em) B, 2141 (6m))
2

— % 23 Pr(ei)(D(, 2e41(21))) — Pr(e1) ®(-, z41(61)) — Pr(em) (-, 2e11(em)) | »
i=1

Ae

Ae

whereAe is the distance between stochastic realizatitnsés; ) is the probability of realization,
and® is the value of the contents of the expectation operatogmgifie state of the economy. To
obtain the weights (the probabilities) in the trapezoi@tluncate the distribution of the stochastic
variable. For normal random variables, we recommend ttimg#he distribution at no less than
four standard deviations, since omitting more of the distiobn often leads to inaccurate results.
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A.3.2 GAUSS-HERMITE QUADRATURE Another commonly employed method of numerical
integration is Gauss-Hermite quadrature. Suppose a shoti,a continuous variable, is nor-
mally distributed with meap and variance2. Then expectations can be written as

Ey[ @11 (c 201 ()] = (27“72)_1/2/ <I>t+1(~,Zt+1(u))e_(“_“)2/(2"2)du.

—00

Applying the change of variables= (u — 1) /(v/20), the Gauss-Hermite quadrature rule is

Ey @1 (-, 241 (u))] = 7T_1/2/ Pyya (e, Zt+1<\/§05 + M))6_82d5

— 00

ol Z Wi®er1 (-, 2001 (V208 + ),

i=1

wheree; are the realizations of the standard normal shdcks the value of the contents of the
expectation operator, and are Gauss-Hermite weights given by = 2"*n!\/7[H, 1(c;)] 2
H,_, is the physicists’ Hermite polynomial of order+ 1.13

We usually adopt the Trapezoid rule over Gauss-Hermite iqisaick because it is more stable.
Moreover, with dense and wide enough grids (at least 10 paimtl 4 standard deviations) for the
continuous shocks, the optimal policy functions underehtes methods of numerical integration
are virtually identical, even though the Trapezoid ruléasebn a truncated distribution.

A.3.3 MARKOV CHAIN INTEGRATION Suppose a discrete stochastic variablegvolves ac-

cording to ann-state first-order Markov chaitt.Once again, these realizations show up in agents’
expectations, and we must integrate across thesealizations conditional on the previous state.
Suppose the transition matrix is given by

_PI‘[St = 1|St_1 = 1] PI‘[St = 2|St_1 = 1] T PI‘[St = m|5’t_1 = 1]
PI‘[St = 1|St_1 = 2] PI‘[St = 2|St_1 = 2] T PI‘[St = m|5’t_1 = 2]
P = . . .
| Pr[S; =1]|S;-1 =m] Pr[S; =2|S;_1=m] --- Pr[S; =m|Si—1 =m]
—P11 P12 -0 Pim
P21 P22 0 P2m
_pml Pm2 Pmm

where0 < p;; <1 andzg.”:lpij = 1foralli € {1,2,...,m}. Then the conditional expectation
can be written as
D y1(v 21,641, S = 1)
Qi y1(-, 22,6041, 5 = 1)
By (@11, 2e41)[Se =] = [pn piz -+ Pim] :

D y1(c, Zmyt41, St = 1)

3We provide a functionghquad. m to compute the Gauss-Hermite weights. To calculate th#ficieats of the
Hermite polynomialghquad. mrequiresHer ni t ePol y. m which is written by David Terr and readily available
on the MATLAB file exchange.

14Recall that higher order Markov chains can always be desgiily a first-order transition matrix.
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If a model contains both continuous and discrete stochaatiables, first integrate across the
continuous random variables to obtain a set of values, tiondi on the realizations of the discrete
stochastic variable. Then weight each of these values ky ¢beresponding likelihood. This
process yields an expected value across all stochasticarmnfs in the model.
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